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THE EXISTENCE OF PERIODIC SOLUTIONS TO
REACTION-DIFFUSION SYSTEMS WITH PERIODIC DATA*

J. J. MORGANT axp S. L. HOLLIS f

Abstract. The existence of time-periodic solutions is proven for a large class of reaction-
diffusion systems in which Dirichlet boundary data, diffusivities, and reaction rates are periodic with
common period.
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1. Introduction. We consider reaction-diffusion systems of the form

L di() A = fi(z,t,u) inQx{t>0},i=1,...,m
(1.1) wiz,t) = gix, 1) on x{t >0}, i=1,....m

ui(x,0) = wo,(x) onQ,i=1,....,m

where v = (u;)", and Q is a bounded domain in R" with smooth boundary 0;
i.e., 02 is an n — 1 dimensional C2+« manifold of which 2 lies locally on one side.
We assume that the initial data wp, are bounded, measurable, and nonnegative and
each d; € C(Ry4;[a,b]) where 0 < a < b < oco. (The symbol R4 denotes [0, 00).) We
also assume that the reaction functions f; are continuous on Q x RyxR" and locally
Lipschitz in w and that f = (f;)!, is quasi-positive; i.e., for each i = 1,...,m, we
have fi(-,-,£) >0 for all £ > 0 with & = 0. Each g; is assumed to be a nonnegative
member of C21(9Q x R4.). These standard basic assumptions guarantee local existence
of unique, nonnegative, classical solutions on a maximal time interval 0 < ¢t < T* < co.
This follows from straightforward adaptation of results in, e.g., [5, 13] to account for
the t-dependence of the parameters in (1.1).
In addition to the basic assumptions stated above, we assume the following.
(A1) There is a K > 0 and for each ¢ = 1,...,m there are nonnegative constants
i1, @2, - .-, 0 with ag; > 0 such that

Zai7jfj($,t,§) < K(1+Z§j) forallz € Q, ¢ >0 and £ € RY.

j=1 =1

(A2) Each |fi(-,-,&)|, i=1,...,m, is bounded above by a polynomial in &1, .. ., &mn.

The following global existence theorem follows from results in Morgan [10].

THEOREM 1.1. Let the conditions (A1) and (A2) be met. Then for any bounded,
measurable, nonnegative initial data uo = (uo,)™,, we have T* = oo; that is, the
system (1.1) has a unique, nonnegative, classical solution on € x [0, c0).
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Remark. We refer to (Al) as a linear “intermediate sums” condition [10]. It
allows high order nonlinearities in the individual f; but requires that fi; be bounded
above by a linear polynomial in u and cancellation of high order positive terms in the
intermediate sums. An illustrative example is the following three-species predator-
prey system.

0
8“; — d1Auy = kiur (M —u1) — kisuiug — kizuius
0
(1.2) % — doAus = kisuius — kosuous — kagua
0
—({;1: — d3Aus = kisuius + kaguous — ksous

where M and the k;; are bounded, nonnegative, continuous functions on OxR... Here
one can take a21 = a2 =1 and a3;1 = a32 = a3,3 = 1. Note that in this example
we actually have Z;zl aijfj(z,t,u) < K due to the assumption of logistic growth
of u; when us = usz = 0. Exponential growth of one or more of the species in the
absence of the others would lead to a condition of precisely the type in (Al).

An intermediate sums condition of the form (A1) is indeed satisfied by a variety
of complex models of, e.g., population dynamics, chemical reactions, and spread of
disease [10, 11, 12]. We remark also that nonlinear intermediate sums are possible
with the allowable order depending upon the spatial dimension n; see [10].

Our concern here is the existence of a time-periodic solution to (1.1) in the situ-
ation where the reaction function f, the diffusivities d;, and the boundary data g are
each periodic in ¢t with common period T. Of particular interest from the point of
view of applications would be, for example,

e population models and models of the spread of disease in which birth and death
rates, rates of diffusion, rates of infection/interaction, and environmental carrying
capacities are periodic on a seasonal scale;

e chemical reaction models in which reaction rates and diffusivities are periodic on
a daily scale due to oscillations in sunlight and/or temperature.

With this issue in mind, we assume the following.

(A3) There is a T > 0 such that for i = 1,...,m and ¢t > 0 we have
fi('ata'):.fi('at+Ta')a gl()t):gl()t+T)) and dl(t):dl(t+T)

(A4) There is a continuous function g : Q — R’ such that g(-,0) = g(-,T) = §lsq-

(A5) The constants K and a1, .. ., @m m in (Al) may be chosen so that au, ; > 0 for
j=1,...,m and so that

m
Zozmjfj(x,t,g) < K forallz€Q, t>0and £ € RT.

=1

Note that (A5) is satisfied by the example system (1.2). This would also be true
of more general population models of this type provided that each species exhibits
bounded growth in the absence of all other species.

Our main result is the following theorem.

THEOREM 1.2. Under assumptions (A1)-(A5), there exists a ug € C(;RY)
such that the solution of (1.1) satisfies u(-,t) =u(-,t+T) on Q for all t > 0.
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Previous results along these lines can be found in Liu and Pao [9], where the
existence of a (unique) T-periodic solution is established via the contraction mapping
theorem in the case of a one-dimensional domain and under somewhat stringent condi-
tions on the diffusion coefficients and reaction rates. Our approach will use a variation
on Schauder’s theorem and will require no assumptions other than (A1)-(A5) to es-
tablish the existence of a T-periodic solution. Related work in which scalar parabolic
equations are considered includes [1, 2, 3, 14].

2. Formulation of the fixed point problem. We will use the following corol-
lary to Schauder’s theorem. For the proof, see, e.g., Gilbarg and Trudinger [4, Thm.
11.3].

THEOREM 2.1. Let X be a Banach space and F : X — X a compact map.
Assume that there exists a constant C' > 0 such that ||z|| < C for all z satisfying
z =0oFz with o € (0,1). Then there exists a fized point z* of F satisfying ||z*| < C.

For convenience of notation, let us define the formal solution operator for (1.1)
by S(t)uo = u(-,t) for t > 0. Now define F : Co(; R™) — Co(2; R™) by

(2.1) Fz=8(T)(z+9)* -39,

where
Co(Q;R™) = {z €eC(EER™) | z=0on 89}

and T and § are as in (A3) and (A4). By parabolic regularity [8], F' is a compact map.
Note also that if z* is a fixed point of F, then z* + § = S(T)(z* + §)*. Consequently
z*+g > 0, and so ufy = z*+ g is a (nonnegative) fixed point of S(T'). So the existence
of a T-perodic solution of (1.1) will follow from the existence of a fixed point of the
operator F' because of (A3) and uniqueness of solutions to (1.1).

Suppose that 0 < o < 1 and that z = cFz. Also set up = z + §. Then we see
that

ug = oS(Tug + (1 —0)g.

But z = o Fz implies that z 4+ ¢g > 0, which then implies that ug > 0. Thus
(2.2) ug = oS(T)ug + (1 —0)g.
Let us now define the set

(2.3) Ar= {uo € C(GRY) | uo =08(T)uo + (1 —0)j for some o € (0, 1)}

In light of Theorem 2.1 and the preceding observations, our goal is to show that Ar is
a bounded subset of C(Q;RY}'). Note that because of (2.2) this can be accomplished
by showing that there is a C' > 0 such that ||S(T)uol|ec < C for all ug € Ar.

3. A preliminary estimate. Our first step toward showing that Ar is a
bounded subset of C(;RY) is the following L1 estimate.

LEMMA 3.1. Suppose that (A1)-(A5) are true. Then there is a constant Cq1 > 0
such that
lluill1,ox00) <C1, i=1,...,m

for all w satisfying (1.1) with uo € Ar.
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Proof. Let up € Ar and let u be the corresponding solution of (1.1). Also define
w = fOT Sore ) @medi(s)uk( -, s)ds. Summing the equations in (1.1), applying (A5),
and integrating over t € [0, T yields

(3.1) Zamk(uk(-,T)—uok) —Aw < KT on Q.
k=1

For convenience, set v = F(ug — g) where F is as in (2.1). Then u(-,T)=v + g and
up = ov + g. So (3.1) becomes

m m
> (v + ) = Aw <Y amulove + i) + KT on Q.
k=1 k=1

Hence

m m
—Aw < (U—l)Zamkvk—l—KT < (1—U)Zam,k§k+KT on )
k=1 k=1

since v, > —gi. Also, on 92 we have w = fOT oy am kdi(8)gk( -, s)ds. Therefore,
one can apply a comparison principle and nonnegativity to obtain a bound on ||w||.0
and in turn a bound on || >°)", uk|l1,0x (0,7, where each bound is independent of ug
and o. a0

Remark. This result remains true without (A1) and (A2), provided that the
interval [0, 7] lies within the maximal interval of existence [0, T*).

4. The bootstrapping framework. The following lemma provides a boot-
strapping mechanism for obtaining LP estimates for large p from an Ll estimate.
Although the proof is essentially the same as that of similar results in [6, 7, 10, 11],
we include it here for the sake of completeness.

LEMMA 4.1. Suppose that (A1) is true and u satisfies (1.1) for 0 <t < T. Let
7 €10,T). There is a constant C, independent of u and 7, such that the following are
valid for k=1,...,m.
i) If 1<p< "T"’Q, then

m m
SO [wConf| + [, )
ek llp. ) < * ;uz( 7) 1,Q+ ;uz 1,9x(r,T)

i) If p> "T"’Q and > 5, then

m
[k llp,x (1) < C[ 1+ HZ ui(-,7)
=1

m
ot
" i=1

T,QX(T,T)} '

A central role in the proof of Lemma 4.1 is played by the solution of the scalar
equation

%—dAX = in Qx (r,T)

(4.1) x =0 on 0 x (1,T)

X('aT) on {2



PERIODIC SOLUTIONS TO REACTION-DIFFUSION SYSTEMS 5

where 7 < T and d € C(R4;[a,b]) with 0 < a < b < co. We now state some more or
less well-known L4 regularity results for (4.1).

LEMMA 4.2. Let 1 < q¢ < oo and suppose that 9 € Li1(Qx (1,T); R4) where
0 <7 < T. Then (4.1) has a unique solution x € WqQ’l(Q x (r,T);Ry). If
19]lg,0x (r,ry = 1, then there exists a constant C = C(q,T), independent of ¥ and
T, such that |‘XHW(12,1(QX(T7T)) < C. Furthermore, C can be chosen so that:

I Tgn < C:
(ii) if q > "+ then || x|l oo,0x (r,1) < C;

(111) zfl<q<""’2 and 1 < s < then

ngq
=T
Ixlls,ox () £ C and [[x(-,T)|[s,.0 < C;

(@) IxXllwz0@axo.ry < C-

For proof of these results, we refer to sections IV.9 and I1.3 of LadyZzenskaja, et al. [5]
and section 3 of Morgan [11]. We now proceed With the

Proof of Lemma 4.1. Let p > 1 and ¢ = %7, and let ¥ € L9(Qx (7,T); Ry)
with |9 g.0x (1) = 1. Take k € {1,2,...,m} and let X be the solution of (4.1) with
d = dy,. Now for t € (7,T] define (- ,t) = x(-,T+7—t) and J(-,t) = I(-, T+7—1)
so that ¢ satisfies

%—t—l-dkA(p: -9 in Qx (7,7)

v =0 on 00 x (1,T)
o(-,T) =0 on €.

We integrate 52?21 ag u; over Q x (7,T) and obtain

T k k T m
/T/QE;O%JU@ S/QQO(',T);O%JW(',T)+K/T /9(14-;%)@
T k T 8<,0 k
+/T /QA@;ak,i(dk—di)ui—/T Aﬂ%gak,idi%-

Now with 1 <r < oo and s = Ti—l, Holder’s inequality gives
[ [75 < c( St om] e
42 H1 -
(42) + —|—2u1 Q% (7,T)

+HZ

for some C > 0. If 1 <p < "T"’Q, then ¢ > "T"’Q, and so by Lemma 4.2 we can take
r =1 and s = co and obtain by duality that

k m k—1
rr) < Co1+ [ o, o+ [ |2l )
pax(rr) S Cp(l+ ;u’( 7) 17Q+ ;uz 1,Q><(T,T)+ ;uz p,x(1,T)

| +[3|
p,QX(TT) A¢llg.0x () on llg,00x (1)

[k |
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for some Cp > 0. From this follows part i) of the lemma by induction on k. Now

suppose that p > 22 and r > 75 Then we have ¢ < 42 and s < % =

%. So from (4.2) and Lemma 4.2 we have by duality that

k
[tk llp,x (1) < Cp(1 + HZ ui( -, 7)
i=1

m k—1
2w ], )
r,Q = r,Qx(r,T) = p,Qx(7,T)

for some Cj, > 0. Part ii) of the lemma now follows by induction on k. 0

5. The proof of Theorem 1.2. We begin this section with one more lemma.

LEMMA 5.1. Assume (A1)-(A5). There exist sequences {Cr}3>, C (0,00) and
{pe}p2, C [1,00) with py T oo such that if u satisfies (1.1) with uo € Ar then for
i=1,...,m and k € N we have ||uil|p, ax,1) < Cr where ty = (1 —21=F)T.

Proof. First we take p1 = 1 and use the C; from Lemma 3.1. By that same L1

estimate, there is a 71 € (0, 37) such that

Ci
< — 1=1.... .
17Q—T/2, Z ) 7m

[ui( -, )]

Now set p2 = ("T"’Q)BM. By part i) of Lemma 4.1 there exists a C2 such that

||U’iH;02,Q><(7'1,T) S CQ, 1= 1, e, m,
and thus ”uina,Qx(%T,T) < Cs, i=1,...,m. Therefore there is a 1 € (%T, %T) such
that
&

||ui('aT2)Hp2,QS ( Z=1,,m

T/4)1/102’

Now in part ii) of Lemma 4.1 we take r = py and p = p3 = ("T'H)S/2 and obtain a

Cs so that [|uillp, ox () < Cs, @ =1,...,m, and consequently [luill,, ox@r, 1) <
Cs, i=1,...,m. Now we can choose 73 € (%T, %T) such that
Cs .
||U"L( . ,T3)|‘p37Q S W’ 1= 1, —us
and obtain similarly a Cy such that [Juill,, oxz7,7) < Cs, i =1,...,m, where py =
("T"’Q)2 Continuing in this way, we take py = ("T"’Q)k/2 for k = 5,6,... and obtain
corresponding Cy such that ||uill,, ox1-21-#yr,7) < Ck, i =1,...,m. O

The preceding lemma gives rise to the following key result.

COROLLARY 5.2. Assume (A1)-(A5). There exist C* > 0 and t* € (0,T) such
that
llwilloo,ox () < C*, i=1,...,m

for all w satisfying (1.1) with ug € Ar.

Proof. Suppose that u satisfies (1.1) with ug € Ap. By the polynomial growth
assumption (A5), we can choose k sufficiently large in Lemma 5.1 so that each
fi(+, -, u) is in L' (2 x ((1 = 21-K)T, T)) and at the same time each u; is in
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L2(Q x ((1 — 21-K)T, T)) with each norm bounded independent of u. Consequently,
we can apply Theorem II1.8.1 of Ladyzenskaja, et al. [8], to obtain the desired result
where t* = (1 — 2=%)T. O

We are now ready to complete the
Proof of Theorem 1.3. From Corollary 5.2 it follows that

Hu%( : aT)Hoo,Q <C* i=1,...,m,
for all u satisfying (1.1) with ug € Az. Thus by (2.2) there is a constant C' such that

w<C, i=1,...,m,

Huoi

for all up € Ap. That is, Az is a bounded subset of C(Q;RY}"). So by Theorem 2.1
and the discussion in section 2, the mapping F defined by (2.1) has a fixed point
z* € Co(;R™), which gives rise to a fixed point ufy = 2* + § € C(;RY) of S(T).
Now by the periodicity of f and g and the uniqueness of solutions to (1.1), it follows
that (1.1) possesses the T-periodic solution u(-,t) = S(t)ug. 0

6. Remarks and generalizations. Straightforward modifications of our proofs
show that Theorem 1.2 remains valid if the boundary conditions are of Robin type
with smooth, T-periodic parameters. If the boundary conditions are Neumann type,
then (A5) must be modified so that

m m
(61) Zam,,jfj(',',u)SK—GZuj
Jj=1 j=1

for some € > 0 in order to obtain the L! estimate in Lemma 3.1. Also, if boundary
conditions are Dirichlet or Robin type, then (A5) can be replaced by

m m
Zam/,jfj(', ',’U,) SK+€ZUJ
j=1

Jj=1

where ¢ > 0 provided that e is sufficiently small. (However, it is generally crucial
that the boundary condition type be uniform throughout the system.) For both the
Neumann and Robin cases, the operator F' in section 2 would be given simply by
Fz = 8(T)z+, mapping C(2;R™) into itself, and the set A7 would consist of all ug
satisfying ug = oS(T)up with 0 < o < 1.

Certainly one would like to allow z-dependence in the diffusivities; that is, to have
operators of the form V- (d;(z,t)Vu;) in (1.1). Assuming smoothness and uniform
ellipticity, the only obstacle to this is the L! estimate in Lemma 3.1. If such an
estimate were available, then the remainder of the argument would proceed with only
minor modification. This estimate is readily available in the case of Neumann or Robin
boundary conditions provided that f satisfies (6.1). One arrives at this estimate by
setting w = Y. | aym puk and integrating

ow

o < V-Zam,7kdeuk + K — éw

k=1

over Q x (0,T) with up = ou(-,T) and 0 < 0 < 1. Here € = emin{am,1,- - -, ¥m,m}-



8 J. J. MORGAN and S. L. HOLLIS

We also remark that if all the diffusivities are equal; i.e., di = d2 = -+ = dpm,
then we need neither the intermediate sums condition (A1) nor the polynomial growth
condition (A2) to prove Theorems 1 and 2. Indeed, in this case, global existence follows
easily from (A5). By introducing if necessary the additional equation

8Um—i—l

ot —dlAum-'rl:K_Zamej('a'au)

=1

into (1.1) along with zero boundary and initial values, we can assume without loss of

generality that Y37 am ;i fi (-, -,u) = K, and so w = Y )" | i pup satisfies
5}
8—1:—d1Aw =K in Q x (0,7)

m
w = Zam,kgk on 90 x (0,7)
k=1

m
w(-,0) = Z Qm kU0, on L)
k=1

By applying Lemma 4.1 to this scalar equation and by using Lemma 3.1 and the
argument in the proof of Lemma 5.1, one finds a ¢* € (0,7") such that ||w||2,0x+1) <
C where C' is independent of ug € Ar. From this and Theorem II1.8.1 of LadyZenskaja,
et al. [8], we arrive at the necessary estimate on [|w( -, T)| co,0-
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