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1. Introduction

The following reactions are considered by Richardson and Mulvaney [9] as a model of
phosphorus diffusion in silicon:

V+I=(0), P+V=_E P+I=F

where P represents a substitutional phosphorus atom, E a phosphorus-vacancy pair, and F'
a phosphorus-interstitial pair. For more information on the physics, we refer the interested
reader to [9] and the references therein. These reactions lead to the reaction-diffusion

system

Vi — diAV = —k 2PV + ko B — ko(VI — Vigley)
E; — dyAE = ky PV — kyE

(1.1) I, — dsAI = —ksPI + ko F — ko(VI — Voglo,)
F, — d4AF = ksPI — kyF
P, =~k PV + ko E — ksPI + kyF

where the k; are positive reaction rates and the d; are positive diffusion coefficients. The
substitutional phosphorus atom is considered immobile; therefore the equation for P in
(1.1) contains no diffusion and is thus an ordinary differential equation satisfied at each x
in the domain €2 where the reactions take place. Richardson and Mulvaney [9] take € to be
the interval (0, 00) and impose boundary conditions at + = 0: P = C*,I = I.,,V = Vg,
and F, = F, = 0. Strictly speaking, it makes no sense to impose a boundary condition on
P since there is no diffusion present. However, the boundary condition P = C* may be
effectively imposed by requiring: 1) that the initial data P(z,0) be continuous on [0, c0)
and satisfy P(0,0) = C*, 2) that I = I,V = Vg, E = k1/kaC*Veq, and F = kg /ksC* I
hold at z = 0, and 3) that the P-equation hold at z = 0.
Consider the system (1.1) with diffusion added to the P-equation:

Ve —dAVE =...

(1.1).

Pl —eAP®) = —j, POVE) 4 |y B — g PE ) 4y p(e)

where € > 0 and we impose Dirichlet boundary conditions on all components. The resulting
system (1.1). fits precisely into the framework of Morgan [7,8] and Hollis and Morgan [4],
and thus it is known that solutions of (1.1). with € > 0 and bounded, nonnegative initial
data exist for all £ > 0. However, two things are not clear:

1) Is the same true for the case ¢ = 07
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2) Do the solutions of (1.1). converge in some sense to solutions of (1.1) as ¢ — 07

Indeed, close inspection of the methods used in [4,7,8] reveals that crucial estimates involve
constants that depend heavily on the diffusion coefficients and may well grow unbounded
as one or more diffusion coefficients tend to zero.

In later work [10], Richardson and Mulvaney consider a more complex model for
phosphorus diffusion in silicon which involves charged species:

VO+1°=(0),
PT+V~ 2 E,
Pt +I = F,
Vite =V,
I4e =171,
This leads to the reaction-diffusion system:
VP —diAV® = —k1e” VO + keVT — ko(VOI? = VO ID,)
Vo —daAVT = ke VO — koVT — k3PTV ™ + kyE
Ey — d3AE = k3PTV™ — kyE
I} — dyAI° = —kse I° + keI~ — ko(VOI" = VI, IT,)
(1.2) I —dsAI™ =kse I° — kel — ks Pt~ + ks F
Fy — dgAF = kyPTI~ — kgF
P = —k3sP"V ™ 4+ kyE — kzPTT + ksF
e; = —kieT VOt bV —kse I + kI~
+ kpew(PT =V~ —17)

where the electrostatic potential has been assumed constant, eliminating terms which
model drift of charged species. The last term in the equation for e~ is an empirical
term that dynamically enforces local charge neutrality. (We assume there that ke, <
max{ke, k¢ } so that nonnegativity of solutions is maintained.) In this model, the P* and
e~ species are considered immobile and thus do not diffuse except through combining with
the vacancies or interstitials.

As with system (1.1), if diffusion is introduced into the P™ and e~ equations, along
with boundary conditions of the same type for all eight components, then it is known that
solutions exist for all £ > 0, but again the same questions arise concerning the existence
of solutions of (1.2) and the convergence of solutions as artificially introduced diffusion
coefficients tend to zero.



The structures of these two models motivate us to consider coupled pairs of reaction-
diffusion systems of the form
U, — DAU = f(U,V)
Vi —eAV =g(U,V)

where ¢ > 0 and D is a diagonal matrix having fixed, positive diagonal entries. Under
suitable hypotheses we will prove global existence of solutions for any € > 0, and conver-
gence and solutions as € tends to zero. Systems of the above form with € = 0 are referred
to as “partly dissipative” reaction-diffusion systems (cf. Marion [6]).

The investigation of global existence for partly dissipative reaction-diffusion systems
and the behavior of solutions of reaction-diffusion systems as certain diffusivities tend to
zero may also be motivated through the following examples, adapted from Hollis, Martin,
and Pierre [3] and Hollis [2]. Consider the two-component system:

Up — Ugy = —UV"
(1.3) for z € (0,1),t > 0.
Vi — QUgy = UV”

where v > 1, first with Neumann conditions v, = v, = 0 imposed at the boundary z = 0, 1.
If a > 0, then it is known (see [2,3,7]) that nonnegative, classical solutions of (1.3) with
bounded, nonnegative initial data exist for all £ > 0. However, it is shown in [3] that if
a = 0 there can be no estimate on [|v(-, )|/ in terms of ||u(+,0)||sc and ||v(+,0)|| for large
time .

Now consider (1.3) with (possibly inhomogeneous) Dirichlet conditions imposed at
x = 0,1. Again, if a > 0, then it is known that nonnegative, classical solutions of (1.3)
with bounded, nonnegative initial data exist for all ¢ > 0. However, it is shown in [1]
that if @ = 0 and a positive Dirichlet condition is imposed on v at x = 0,1, then, for
any nonnegative initial data bounded away from zero near the boundary, ||v(-,t)|/cc must
tend to infinity in finite time. It remains an open question as to whether one can get
the same blow-up result with the initial data for v continuous on [0,1] and satisfying
v(0,0) = v(1,0) = 0. Note that in this case one can consider a zero Dirichlet boundary
condition to be effectively imposed on v.

(In the case where ¢ > 0 in (1.3) and a positive Dirichlet boundary condition is
imposed on u while a homogeneous Neumann boundary condition is imposed on v, it has
recently been shown by Bebernes and Lacey [1] that solutions can blow up in finite time if
~v > 2. The question of global existence remains open if 1 < v < 2. However, the difficulty
in this case arises from the mixture of boundary condition types, an issue which will not
be addressed in this work.)



2. Statement of the General Problem, Hypotheses, and Main Results

Throughout this section, €2 is a bounded domain in R" with smooth boundary 09. (By
“smooth”, we mean as usual that 9 is an n — 1 dimensional C?*® manifold of which Q
lies locally on one side.)

We consider the reaction-diffusion system:

(2.1) U, —DAU =F({U) on Qx(0,00)

where U = (U;)*4, F = (F;)[*, and D = diag(ds,...,dy) with d; >0, i=1,...,m.
The problem statement is completed by imposing initial and boundary conditions on
U. Let us assume for the moment that each d; > 0. We have the initial data:

(2.2) U(z,0) =Up(x) >0 for z€Q
and the Dirichlet boundary data:
(2.3) U(z,t) =A >0 forall xe€dQ,t>0.

Up is assumed to be a smooth function on Q that satisfies the boundary conditions (2.3).
When any of the d; are zero, then of course we cannot impose a boundary condition as
such on the corresponding components of U. However, (2.3) remains valid in this situation
under the assumption:

(A1) If d; = 0, then F;(A) = 0 and the ordinary differential equation 9,U; = F;(U) holds
at each z € Q and ¢ > 0.

This condition effectively imposes the boundary condition (2.3) when there are null entries

on the diagonal of D. It will not be necessary for us to assume (Al) in order to obtain

our global existence results, but we will need (A1) to obtain convergence as artifically

introduced diffusion coefficients tend to zero. When (A1) is not assumed, it will be tacitly

understood that (2.3) applies only to components of U which correspond to positive d;

and that if d; = 0 the corresponding ordinary differential equation holds at each = € Q.
The following assumptions are also made on the function F":

(A2) F e C*(RY",R™) and, for each i = 1,...,m, F;(§) > 0 for all £ € RY" with & = 0.
(A3) There exist nonnegative scalars a;; fori =1,...,m and j = 1,...,4 such that a;; >0
for each 7 and

D i Fi(€) <Ci1+Cy ) &
j=1

J=1

holds for all ¢ € ]RT, where C7 and C5 are constants that are independent of &.
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(A4) There are constants C' > 0 and (§ > 1 such that

rel<cfi+ye)

j=1
holds for all £ e R} and i =1,...,m.

Remarks: Assumption (A2) contains smoothness and “quasipositivity” conditions that
guarantee local existence of solutions and nonnegativity of solutions as long as they exist.
Assumption (A3) is a simple, common form of Morgan’s “Intermediate Sums” condition
[7,8] which arises naturally in many applications and is used technically in an extension of
a duality argument (first applied to two-component reaction-diffusion systems by Hollis,
Martin, and Pierre [3]) for obtaining L estimates for arbitrary p € (1, c0) from a priori L*
estimates. Finally, assumption (A4) is the usual polynomial growth condition necessary
to obtain uniform bounds from p-dependent L? estimates.

The following local existence result is adapted from Rothe [11; Thm. 1, p. 111]. The
reader is referred there for its proof.

Proposition 2.1. Suppose that the initial data Uy satisfy the following regularity and
compatibility conditions:
i) Ug; € C%(Q) for each i with d; = 0;
and for each i with d; > 0,
ﬁ) Uy € CQ+O‘(§),
111) UOz' = Az on 89, and
iV) —dz‘AUoz‘ = FZ(U()) on 0f)

where a € (0,1). Then under assumption (A2), there exists Tymax € (0,00] such that
problem (2.1)-(2.3) possesses a unique, nonnegative, noncontinuable, classical solution U
on Q x [0, Tmax) satisfying for all T € (0, Tyax):

v) U; € C¥1/2(Q x [0,T)) for each i with d; = 0,
vi) U; € C¥H1+a/2(Q x [0,TY]) for each i with d; > 0.

Also, if Ug; € C*t*(Q) for each i with d; = 0 and if ii)-iv) hold, then
vii) U; € C?Te1+2/2(Q) x [0,T)) for each i with d; = 0.

Furthermore,

viii) if Tinax < 00, then lim
tTTnlax

gjl Uit =

00,2

Our next result is for the case where all components of U diffuse. It follows directly
from Morgan [7], but in the interest of completeness we provide a proof in Section 3.
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Proposition 2.2. Under assumptions i)-iv) of Proposition 2.1 and assumptions (A2)-
(A4), if d; > 0 for eachi =1,...,m, then Tyax = 0.

Remark: The regularity and compatibility conditions in Proposition 2.1 are not necessary
here. The result is true for Uy € L= (Q; RT); see [7].

For the situation in which some of the d; are zero, we make the further assumptions
on F":

(A5) The scalars a;,j, j =1,...,m, in (A3) may be chosen so that a,,; > 0 for each j and

D amiFi(€) <Ci+Cy ) &
j=1

d;>0

for all £ € R
(A6) There is a scalar 3; > 0 for each d; = 0 such that

STBF©) <+ &
=1

d;=0

for all £ € R

Proposition 2.3. Under assumptions i)-iv) of Proposition 2.1 and assumptions (A2)-
(A6), if d; > 0 for eachi =1,...,m, then Tyax = 0.

Let us now partition the system (2.1) into a pair of coupled systems of the form:

{ut — DAy = f(u,v)

on € x (0,00)
vy = g(u,v)

where u = (u;)¢_; and v = (v;)™7%, f = (fi)i=, and g = (g:)"%, and D = diag(dy, ..., dy)
where d; > 0 for i =1,..., ¢
We introduce diffusion into the v-equation above to obtain the system:

(2.4).

) _ DAGE — Fu® o
{ut " fw™, o) on € x (0,00)

v,gs) — eAv® = g(ul® v®)

together with (relabeled) initial and boundary data from (2.2), (2.3):

(2.5)c for z€Q

(
( v
u(s)( ):0‘20
(2.6). {U(E)( )= p>0 for z€00Q,t>0



Under the assumptions of Proposition 2.2 and 2.3 we know that, for any € > 0, classical
solutions of (2.4).-(2.6). exist for all £ > 0. We now turn our attention to the dependence
of solutions on the parameter .

First let us note that assumptions (A5) and (A6) may be expressed in terms of u, v, f,

and g as
¢ m—~ ¢
> Qmifi( ) + Y Aty g5(uwv) <CL A+ Co > uy
j=1 j=1 i=1
(2.7) { and
m—4 _ 0 m—4
Zﬁjgj(u,v)<Cl+Cg[Zuj+ /U‘ji|
Jj=1 j=1 j=1

We assume further that

(A7) There are nonnegative scalars a;; for ¢ = 1,...,¢ and j = 1,...,i such that a;; > 0
for each 7 and

7 ¢
Y aiifi€n) <Ci+Ca) &
j=1 Jj=1

holds for all £ € ]Rﬁ,n € RT%, and ¢ = 1,...,¢, where C7 and (3 are constants
independent of £ and 7.

Proposition 2.4. Under assumptions i)-iv) of Proposition 2.1 as well as (A2)-(A7), uz(-s)
and v](-s) are bounded in L>(Q2 x (0,T)) independent of € for each T' € (0,00), i =1,...,¢
and j=1,...,m—/{.

Proposition 2.5. Let the assumptions of Proposition 2.1 be fulfilled, as well as (Al)-
(A7). Further assume that vy € C>T*(Q; R™ ). Then for each T € (0,¢), the solution of
(2.4).-(2.6). converges uniformly on Q x [0,T] as € — 07 to the solution of (2.4)9-(2.6).

3. Proofs of the Main Results

Throughout this section €2 will again be a bounded domain in R"™ with smooth boundary
0€2. We assume familiarity on the part of the reader with standard notation, terminol-
ogy, and theory regarding the Lebesgue and Sobolev spaces LP(Q2), LP(2 x (0,7)), and
W21(Q x (0,T)) and the usual norms therein. We will use the letter “C” to denote vari-
ous constants, occasionally emphasizing various dependencies with subscripts or function-
suggestive symbols in parentheses. When a constant changes from one estimate to the
next, we sometimes use a bar or tilde to indicate this, but we hope that no confusion arises
from the use of “C(T")”, for example, to denote two different constants in consecutive lines.
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Consider the system
(3.1) put — DAp = F(z,t,u) on Qx (0,00)

where p = (u)¥,,F = (F)X,, and D = diag(d1,...,0n) with 6; > 0 for each i =
1,..., N, together with nonnegative L°° initial data (po,)Y.; and boundary data for each
u; that corresponds to a positive 9;:

(3.2) wi(z,t) =2; >0 forall xe€dQt>0, and §; > 0.

Assume further that

(B1) There exist nonnegative scalars «;;, ¢ = 1,...,N and j = 1,...,4, such that
a;; > 0 for each 7 and

ZO‘U (z,t,€) <C1+0225g

7j=1

holds for all x € Q2,t € R4, and £ € ]Rf, where C7 and (5 are constants independent
of x,t, and {. Moreover, an;, j = 1,..., N may be chosen so that an; > 0if §; > 0 and
so that

N
> aniFx,t,§ <C1+C2 Y &
j=1 6;>0
Proposition 3.1. Let 0 < T < oo and suppose that (B1) holds and that a nonnegative,
classical solution p of (3.1)-(3.2) exists for 0 <t < T. If there exists a constant C(T') such

that H < C(T), then for each p € [1,00) there exists a constant CA’p(T)
8 —0 oo,QX(O,T)

< C,(T).
p,Qx(0,T) p( )

For the sake of completeness, we will give a proof of this result, though the method is
essentially the same as that of [4] and [7]. For this we first need some results concerning
the following scalar equation.

Let d > 0,1 < ¢ < oo, and § € LY(Q x (0,7)) with 6 > 0 and [|0]/4,0x0,1) = 1.
Consider the problem

—dAp=0 on Qx(0,T)
(3.3) {go —0 on AQ x (0,T)
=0 on Qatt=0.
Lemma 3.2. Problem (3.3) admits a unique solution in W2 (Q x (0,T)) satisfying ¢ > 0
and

HSOHWQ T(Qx(0,T)) = <Cy
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where Cy is a constant that is independent of §. Moreover, C, may be chosen so that:

i) lle(Dllge < Cg;

if ¢ > ”*2 , then HSOHOO,Qx(o,T) <Cy;
q(n+2)

1f1<q<n—i—2 and ¢ <r < n+t2—q’

iv) if ¢ > 1 then [[¢[ly01 90 0,r)) < Cq

ii

)
)
1)
)

i then [l¢|l;.ax(0,r) < Cq.

For the proof of Lemma 3.2, we refer to Theorems I'V.9.1 and Lemmas I1.3.3 and 11.3.4
of Ladyzenskaja, et al. [5].

For convenience of notation, define J. = {i: §; > 0} and Jy = {i: §; = 0}, and let
J+ ={j1,J2,--.,7s} where ji11 > j; fori =1,...,s — 1. The proof of Proposition 3.1 will
be based upon

Lemma 3.3. Let 0 < T < oo, let (B1) be satisfied, and suppose that a nonnegative,
classical solution p of (3.1)-(3.2) exists for 0 <t < T. Then there exists a constant Cp(T)
such that for each k € J:

2
(3.4) it 1<p<”2 then
n

o)

1k llpx0.1) < ColT) |1+ quz :

and

2 2
(3.5) if nte <p<oo and r= p(n +2)
n

= ——=  then
+1 p+n-+2

l1akllp.x 017 < Co(T) 1+ HZM ,

ot

Proof: Take k € J, and let ¢ be the solution of (3.3) with d = Jx, and set 0(-,t) =
0(-, T —t) and p(-,t) = (-, T —t) for 0 <t < T so that ¥ satisfies the backward equation

r,Qx(o,T)} )

D, + AP =—0 on Qx(0,7)
{go—O on 09 x (0,7)
=0 on Qatt="T.

Now for each ¢ =1, ... k, integration by parts yields

[ [wi=[womeor [ [ere-o [ [mag-a[ [0



Summing over i = 1,...,k and applying (B1) results in

/OT/QQ;QMMS/QE(.’O);QMM(.’O)+C/T/Q¢[1+i,uz1
+/0T/§2A$i:i106ki(5k— / /({m Za;ﬂéizi,

and by Holder’s inequality we obtain

(3.6) /j/ﬁei%mgcjjim<~,ojj 7. 0)l 2.0

N
+CH1 +3
i=1

r,2x(0,T) ] =I5,Qx(0,T)

k—1
+ Cmax{]or — &l}| D A
max{ |0y |} izzlﬂ p,QX(O,T)H SOHP 2 Qx(0,T)
+ CH—
on Il 2+ ,00x(0,T)
where p,r € [1,00]. Now take ¢ = % and assume first that ¢ > ”+2 Then according to

part ii) of Lemma 3.2 we may ta,ke r = 1 and obtain by duality the estimate

HMka,Qx(O T) < C( [1 + H ZMZ ’ H ».Q + H éuiHLQx(o,T) * H zuin,QX(OyTJ

for 1 < p < ”T” From this we obtain (3.4) by starting with & = j; and proceeding
by induction on k = jo,js3,...,js. To establish (3.5) we take again ¢ = 2% but now

r = ﬁ gjfg), and we assume that p > Z—ﬁ A simple calculation reveals that 5 =
p(nf%fa)wm = i(f;f; Also, p > Z—ﬁ is equivalent to 1 < ¢ < n + 2, so we obtain by

duality and by part iii) of Lemma 3.2 that

N k—1
Huka’QX(O ) S o [1 + H Zu’ ’ Hp,g + H izzlui r,2x(0,T) + H izzl'uin,Qx(O,T)}’

from which (3.5) follows by induction on k = j1, jo, ..., Js. |
The proof of Proposition 3.1, as well as later results, will require

Lemma 3.4. Let 0 < T < oo, let (B1) be satisfied and suppose that a nonnegative,
classical solution p of (3.1)-(3.2) exists for 0 <t < T. Then there exists a constant C(T)
such that



for all t € [0,T).

Proof: Set w( fo Z an;jo;jpi(-, 7)dr and observe that w satisfies
N
Wi < Omax [Aw + Z Qanjoj + ¢t + cw
j=1

N

on O x (0,7),w = > anjojzjt on 02 x (0,T), and w = ) an;duo; on  at t = 0.
6;>0 j=1

Thus maximum principles imply that w < C(T) on Q x (0,T), from which the result

follows. [ |

We can now proceed with the
Proof of Proposition 3.1. First note that our hypotheses, together with Lemma 3.4,

< C(T). Now (3.4) in Lemma 3.3 provides an estimate

imply
N

‘ 1,Qx(0,T)

> || o Cp(T) for all p € [1, %42). Taking r = %2 in (3.5) where 7 € (—n,2)
Pp,siX

i=1

results in p = f;f;j: = nile, and with {7;}22, any decreasing sequence in (1 —n, 1] such

that o =1, lim 75 =1—n,and 7 — 741 <1, we have r; < rj;1 < p; < pj+1 — oo. From
j—oo

(3.4) and (3.5) we then obtain by induction bounds on forj =1,2,3,...,

. pj,QX(O,T)
N
from which it follows that > p; € LP(Q x (0,7)) for all p € [1,00). N
j=1
Proposition 3.1 will be the basis for the proofs of Proposition 2.2 and 2.3. Let us now
give the
Proof of Proposition 2.2. Since we assume here that each d; >0, i =1,...,m, in (2.1),
assumption (A3) implies that (B1) holds with p = U,D = D,F = F, and thus we have

il oxom < Cp(T) for each p € [1,00) and T € (0, Thax)

or T' = Thax if Tmax < 00. Assuming that Tinax < 0o, we have by (A4) and the Sobolev

< a(T) Thus Proposition 2.1 implies a
OO,QX(O,Tn)ax)

contradiction from which we conclude that Tyax = 0. [ |

Proof of Proposition 2.3. This result will again follow from Proposition 3.1, in the
same way as did Proposition 2.2, upon the establishment of L°° bounds for each U; with
corresponding d; = 0. Here, (A5) implies that (B1) holds with u = U, etc., and from (A6)
we obtain that

> BU) <) BiUL( +ct+/ }

d;=0 d;=0
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from which an L*>°(Q x (0,7)) bound on ) U, follows by Lemma 3.4 and Gronwall’s
d; =0
inequality. This estimate holds for T = Tyax if Thax < 00, and therefore Proposition 3.1

leads by contradiction to the conclusion that Ti,,x = oo. [ |

Let us now turn our attention to problem (2.4).-(2.6). and the proofs of Proposition 2.4
and 2.5.
Proof of Proposition 2.4. First we apply Proposition 3.1 with 1 = u(®), D = D, and

¢
F(x,t,-) = f(-,v(2,t)) and conclude that || 3 uz(-s)
i=1

and 0 < T' < oo where @,(T ) is independent of € by assumption (A7). Now set w =

<C(T)for1 <p<
p,2x(0,T) p(I) for 1< p < oo

m—{ _ ~

> B (v](.s) — pj) where ; is from (2.7) and p; from (2.6)., and observe that due to (A6)
j=1

w satisfies

¢
wt—&:AwgC[l—FZuf)—kw} on Qx(0,7)

J=1

with w = 0 on 9Q x (0,T). With p an even natural number, multiplying by w?~! and
integrating over Q x (0,t) results in

¢ t
o< [wtore [ [ (e Sayur e [0
— [ w-, )’ <= [ w(-,00P +c¢ 1+ wy JwP™ 4 ¢ w?,
P Ja (%) P Ja (0) 0 Q< ]:Zl J) 0 Ja

and application of Young’s inequality produces

1 1 1, [ LN 2p—1 [t
3.7 —/w~,tp§—/w~,0p+—0// 1+ uy’ +07//w7’.
(3.7) b Ja &:8) D Ja ¢:0) b Jo Q< J:le) p 0 Ja

Gronwall’s inequality now implies that
/w(~,t)p < [/ w(.,O)P+c.6p(T)P}e<2p*1>ct for all ¢ € [0,T]
Q Q

from which it follows that

~

1/p _
lw(, 8)llpe < [/Qw(.,O)uc.cp(T)P} ‘et forall tel0,T]

where ¢ is independent of p and the entire right-hand side is independent of . It now
follows by (A4) and Sobolev imbedding that

I3

C(T)

<
00,02%x(0,T)

12



with C'(T') independent of . Now returning to (3.7), we obtain by Gronwall’s inequality
again that

~ 1/p _
Jw(-,t)|[p.a < [/Qw(~,0)p+C(T)p peCt for all ¢ € [0,T]

where C(T) is independent of p and e. Letting p — oo then results in
lw(, )l < C(T)[[[w (-, 0)lloo, + 1™ for all ¢ € [0,T].
The conclusion of Proposition 2.4 follows. |

Proof of Proposition 2.5. Let ¢ > 0 and define () = «(®) —4(©) and ¢(8) = (&) — (0)
where (u(®), v()) solves (2.4).-(2.6). and (u(®), v(9) solves (2.4)0-(2.6)g. Then (a(%), ()
satisfies
6,5111(-5) — CZZAQALSE) =&, (Qzu(s) + (1 — Qz)u(o), (91'1)(5) + (1 — 91)1)(0))@(5)
+ @ (0u + (1 - 0:)ul®, 0,09 + (1 — 0;)p@)5
(3.8) { 0,0\ — eAD' = T;(0;u®) + (1 8);)u®, 6,0 + (1 — ;)0 ®)a®
+T5(0;u + (1= 6;)u®, 0,0 4+ (1= 6;)0@)p
+5Av§0) fori=1,....4and j=1,...,m—1
where 0;,0; € C(Q x (0,7);[0,1]); ®;,T; € C(R x RT™%R"); and
o, T'; € C(]Rﬁ X Ri‘*é; ]Rmfe) are given by the Mean Value Theorem. The initial coni-
ditions @(¥) = #(¥) = 0 on Q at t = 0 are also satisfied, as well as, because of (A1), the
boundary conditions @(*) = ¢(6) = 0 on 9Q x (0,T). By Proposition 2.4, the matrices
®, @, T, and I', whose rows are from (3.7) the vectors ®;, ®;,I';, and I';, respectively, have
components that are elements of L>°(€2 x (0,7")) with norms bounded independent of e.

(Recall that the functions f and g are C2.) Taking p to be an even natural number, we
can estimate as follows:

1 [ () RS
s [ Sy
L) e &)t o (e)
o [Suree [ [ Sur
0 J92—1 0 J - i=1
-1, [ [, o 1., [ [
< C// (a\ p+_0// (@(5) P
p 0 szzl ) Db Jo szzl )

Gronwall’s inequality now yields

£ m—4£
q)z'jﬂg-s) + Z &)ij@§s))
-1 j=1

J4 m—~4
. u: (-, 8 < (Ce\*"™ v, or 0<s<t<
3.9 1y ha < Cel®ret 0717 o) for 0 T
i=1 i=1
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in which C is independent of p and €. Proceeding similarly, we obtain
m—~

1 © 9 1 t m—¥ © 1 t £ ©
3.10 _/ @is ot P < ! C/ / @is p C/ / ﬂis p
( ) ( ) = 0 ? 1,( ) 0 ? 1,( )

=1 p

1 t m—~ 0 p—l t m—~ ©
o [ oyt [ ey
p 0 szzl( ) p 0 szzl )

and using (3.9) we have
m—4£ ¢ m—
/ d &P <[@2p-1)C+p—1+ Cgte@pl)“]/ / > @)y
=1 0 Q=1
t m—~
—i—&?p/ / Z(Avi(o))p.
0 79 =1

Gronwall’s inequality yields

m—¥ T m—~
(3.11) [ o= [0S @l oum

for all ¢t € [0,T], where 5’p(T) is independent of €. Together, (3.9) and (3.11) imply an

estimate

¢ m—/
S 12 paxom) + 3 195 pax o) < Cp(T) -

i=1 j=1

¢ _
for any p € [1, 00), from which Sobolev imbedding results in Hﬂz(-E)Hoo,Qx(o,T) < Ck, the
i=1
desired result for 4(). Now returning to (3.10), we see that

s t m—~4
/Q . @Z-(s)(.,t)P <[2p-1)C+p-— 1]/0 /Q i;@z{s))p

t m—~
“p[/o /Q,.;(Avf”)p +T7CI0).

Thus we conclude that

m—~4 © 1/p
</QZU (~,t)p) <eC(T) forall tel0,T]
i=1
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where C'(T") is independent of p and e. Therefore,

m—~
Z H@Z‘(E)HOO,QX(O,T) <eC(T),
i=1

the desired result. [ |

4. Examples and Concluding Remarks

Before discussing the phosphorus diffusion problem from Section 1, let us illustrate the
applicability of our results by considering the following system which arises from the simple
reaction A+ B = C.

a; — di1Aa = —ab+ ¢
(4.1) by — doAb = —ab+c on 2 x (0, 00)
¢t —dsAc=ab——c

with, for example, Dirichlet boundary data

(4.2) a=b=c=1 on 99 x (0, 00)
and smooth, nonnegative initial data

(4.3) a=ap,b="by,c=cy onNQatt=0

that satisfy the boundary conditions (4.2). Propositions 2.2 and 2.3 imply that solutions
exist for all £ > 0 with any combination of zero/positive d;, with the exception of the
case where d3 = 0 and dy + da > 0 (cf. examples at the end of Section 1). Furthermore,
Proposition 2.5 states that solutions converge uniformly on each compact Q x [0, 7] as: i)
d; — 07 with da,ds > 0 fixed, ii) dy — 07 with dy,d2 > 0 fixed; iii) d; = d3 — 0" with
da > 0 fixed; iv) do = d3 — 01 with dy > 0 fixed; v) dy =dy =d3 — 0.

We now return to the phosphorus diffusion models in Section 1. It is easy to see that
these fit precisely into the framework of Section 2. In particular, problem (1.1)., augmented
by any set of nonnegative Dirichlet boundary conditions on diffusing components and any
smooth, nonnegative initial data, possesses a unique, global, classical, nonnegative solution
on 2 x [0,00) for any € > 0 by Propositions 2.2 and 2.3. If the boundary data are

V=Veg, I =leq, E = %C*Veq,F = %C*qu,P =C*  on 90 x (0,00)
2 4

and the initial data satisfy these boundary conditions, then the solutions are bounded in
L*(Q2 x [0, T]) independent of ¢ for each T' € (0, c0) by Proposition 2.4, and they converge
uniformly on Q x [0,7] as ¢ — 0T to the solution of (1.1)g by Proposition 2.5.
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Analogous results are also valid for the system (1.2) with diffusion terms eAP* and
eAe~ added to the corresponding equations. We refer to this modified system as (1.2)..
For any set of nonnegative Dirichlet boundary data imposed on diffusing species, and any
smooth, nonnegative initial data, (1.2). possesses a unique, global, classical, nonnegative
solution on 2x [0, co) for any ¢ > 0. If the boundary data give rise to a constant equilibrium
(i.e., all reaction functions are zero on 0f2) and if the initial data are smooth and satsify
the boundary conditions, then solutions are bounded in L*(Q x [0,77]) independent of ¢
for each T € (0,00) and converge uniformly on Q x [0,T] as ¢ — 0% to the solution of
(1.2)o.

We remark here that the global existence results of Propositions 2.2 and 2.3 and the
boundedness result of Proposition 2.4 remain valid for problem (2.1)-(2.3) if the Dirichlet
boundary conditions (2.3) are replaced by Robin/Neumann Conditions: %Ui = v [Ai — U]
on 09 x (0,00) for each i with d; > 0 and where 7;, A; € [0,00). The proofs require only
straightforward modification. It is important that the boundary condition type be uniform
throughout the diffusing components, i.e., either Dirichlet throughout or Robin/Neumann
throughout. Serious technical difficulties arise if Robin/Neumann conditions are imposed
on some components while inhomogeneous Dirichlet conditions are imposed on others (cf.
remarks concluding Section 1). A notable exception to this, however, is that in (2.4).-(2.6).
one may impose one type of boundary condition throughout the components of u(¢) and
another throughout v(¢) (when ¢ > 0) with little difficulty in modifying the arguments. The

rather simple-minded argument in the proof of the convergence result of Proposition 2.5
(e)
J

satisfied a homogeneous boundary condition on 0f).

relies heavily, however, upon having Dirichlet conditions on the v;’, so that we could

(e _ 0
i Y
The global existence results of Propositions 2.2 and 2.3 also remain valid in the case

guarantee easily that v

where 2 is an unbounded domain such as a half-space as considered in [9,10]. The proofs
can be modifed using the interior estimate ideas in [4]. It is not clear, however, whether
(appropriate analogs of) Propositions 2.4 and 2.5 are true in this case. Also, the methods
of [4] provide a convenient method for obtaining the necessary estimates for the proofs of
the global existence results in the case where 2 = (0, L), L < oo, and Dirichlet conditions
are imposed at x = 0 and Robin/Neumann conditions are imposed at = = L.
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