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Abstract

We obtain interior estimates for a class of semilinear reaction-diffusion systems from
L' a priori estimates. Our results are applied to a predator-prey model in which the species
switch the role of predator and prey on given subsets of their domain of interaction, and
a one dimensional flame propagation model. Extensions of earlier results in Morgan [14],

[15] follow from the analysis.

1. Introduction

In the past ten years, a large body of literature has been generated from a global
existence problem posed by Professor R. H. Martin. The problem was to determine whether

solutions v1, vy of

v1, = d1Avy; — vy, t>0, xe
(1.1)

v9, = daAvs + v10,, t>0, e,

subject to various boundary conditions and nonnegative initial data, exist globally (i.e. for
all t > 0). For dy,d2 > 0 and homogeneous boundary conditions, Alikakos [1] proved that
solutions of (1.1) exist globally provided that 1 < v < ”TH (here  C R" is a bounded
domain with smooth boundary). Later, Masuda [13] proved global existence and uniform
boundedness on (0, 00) x Q if d1,ds > 0 and v > 1. Since that time, global existence results
have been given for an entire class of systems which include (1.1) (see Hollis, Martin and

Pierre [9], Morgan [14], Haraux and Youkana [8], Kanel’ [10] and the references therein).
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However, unless «v is small, there are no results in the literature which can be applied to

the following modification of (1.1). Consider

(1.2) v1, = diAvy + a1v1 + bivg — c(x)v1vy t>0, xe
1.2
9, = daAvg + agvy + bovg + c(x)v1vg t>0, e
subject to
v =v2 =0 t>0, x €0
(1.3)
v1,v2 >0 t=0, x €

where dy,ds > 0; by,a2 > 0; a1,b0 € R and ¢ € C(ﬁ, [—1,1]). Such a model could arise
if two species were interacting on a given domain and switched the roles of predator and
prey depending on their locations within the domain. We note that a priori bounds can
be obtained for vy, vy. Clearly, if we sum the equation in (1.2) and integrate over {2, then
we can obtain bounds in L!(Q).

It is also possible to modify results in [14] to obtain L?((0,T) x ) estimates for v;
and vy. Still, unless di = do, 1+7v < ”TH, or ¢ is of one algebraic sign, global existence
does not follow.

In this note we are motivated by (1.2) and (1.3) to obtain interior estimates for m
component functions which satisfy a fairly general system of parabolic inequalities. Since
the proofs in the general setting are quite technical and admittedly unattractive, it might
be helpful to look at a simple setting and outline some proofs.

For the sake of completeness, we first consider (1.1) subject to the conditions (1.3).
Then we certainly have vy, vy > 0, and if ¢(¢, z) is smooth with ¢|pn = 0, then integration

by parts yields

/ /v1 g0t+d1Ago]d:1;dt+/ 01 (T, ) (T, x)dx — / 01(0, ) (0, z)da
(1.4) / / va[pr + da Ayp)dadt — / vy (T, ) (T, ) dx:
/QUQ(O x)p(0,x)dz.

Now, given 6 € L1((0,T) x Q) with 1 < ¢ < 0o choose ¢ so that

Dt + dgAgO =—0 on (O,T) x Q
=0 on (0,7) x 00
e(T,)=0 on Q.
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Then (1.4) takes the form

T
—/ /vl[got+d1Ag0]d:vdt—/vl(O,:z;)go(O,x)d:v
o Jo Q

T
:—/ /vgedzl;dt—F/vg(O,:z;)go(O,x)d:v.
o Jo Q

Furthermore, from maximum principles, v; is uniformly bounded, and by parabolic regu-

(1.5)

larity theory we have strong estimates of ¢ in terms of 6. Thus, (1.5) yields

T
(1.6) / / v2bddt < CJ0] o 0.1 xe).
0 Q

Consequently we obtain [[vz|zr((0,1)x0) < C where p = —L3. By choosing p arbitrarily

large and taking advantage of the polynomial nature of the reaction terms in (1.1), we can
again employ parabolic regularity to obtain a sup-norm bound for vs.

Now we consider (1.2) subject to (1.3), and for simplicity assume a1 = by = ag =
by = 0. Suppose c(x) is two-sided. That is, if we define Qy = {z € Q| ¢(x) > 0} and
Q- ={x € Q| ec(x) <0}, then Q4 and Q_ are both nonempty. We will demonstrate that if
S ={z€Q|c(zr) =0} and finite time blow-up occurs for the solution of (1.2), (1.3), then
it must occur “near” S. For example, if Q = (0,1) and ¢(z) > 0 for x < 1/2, ¢(z) < 0 for
x >1/2 and 0 < £ < 1/2, then we can obtain sup-norm bounds for v; and vy (dependent
upon ¢) on sets of the form {xz | [z — 1| > ¢, 0 <2 < 1}. We outline our proof as follows.

Again we have vy,v3 > 0. Also, as mentioned earlier, we can obtain an L' estimate

for v; and v2. Then since
(1.7) vy, <diAvy on (0,T) x Q,

the nonnegativity and the L' estimate on v; imply a sup-norm bound for v; on any
subdomain of 2. Let € > 0 and suppose (2o C 2. C Q4 are smooth domains such
that dist(Qe,Q_) > ¢ and dist(Q2., Q2¢) > e. Furthermore, let ¢(¢,2) > 0 be smooth with
¢lan. = 0. Then integration by parts yields

(1.8)

T
—/ / vl[g0t+d1Ag0]d:vdt+/ vl(T,x)go(T,x)d:v—/ v1(0,2)p(0, z)dx
0 JQ. Q. Qe

T
g/ / vg[got+d2Ag0]d:vdt—/ va(T, x)p(T, x)dx
o Ja. Q

£

T
0

+/ vg(O,x)go(O,:z;)d:v—/ / (d1v1+d2v2)—¢.

Q 0 JoQ. on

£
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This last boundary integral may be made to disappear, thereby introducing an additional
manageable term, if we multiply first by a suitable smooth function which vanishes on 0€2.
and is 1 on Q.. So, if we let § € L1((0,T) x Q.), 6 > 0 for 1 < g < oo and take ¢ to be

the solution of
Yt + dgAgO =—0 on (O,T) x Qe

=0 on (0,7) x 09
o(T,)=0 on £,

then similarly to (1.6) we obtain ve € LP((0,7) x Qq.) for all 1 < p < oo, and interior
estimates for parabolic equations can be used to obtain sup-norm bounds for v on sub-
domains of 29.. Similar results can be found on subdomains of 2_ by interchanging the

rolls of v; and vy above. The details of these arguments can be found in section 3.

In section 4 we apply our results to a model for one dimensional flame propagation.
We also discuss how these results can be used to extend some earlier global existence,
boundedness and decay results in [14], [15] to unbounded domains.

We are indebted to the referee for suggestions which improved the readability of this

paper.

2. Notation and Statement of Some LP Results

We assume throughout that 0 < 7' < oo; m,n € N and € R" is a domain. If
Q0 # R" then we assume that the boundary of 2, denoted 912, is a C2T® manifold such that
(2 lies locally on one side of 0. Define R} = {z |z € R",z; > 0 for all 1 <1i < n}. For
eachi,j € {l,...,n}and k € {1,...,m} let afj € C%2(Ry x L, R), cF € COL(R;: xQ, R),
and fr € C([0,T) x Q,R), and let

— k. k_Z
L = Z ij 0z;0x; + ; “ Oz

i,j=1

n
be a uniformly elliptic operator. That is, there exists @ > 0 such that »_ aﬁjfifj > o€
ij=1

for all £ € R".
We consider the semilinear parabolic system of partial differential inequalities

(2.1) ke{l,... m.

uk, < Lrug + fr, 0<t<T, x€0)
up >0, 0<t<T, €,

We say that u = (uy) is a solution of (2.1) if u = (ux) € C2((0,T) x Q,RT") N C([0,T) x
Q,RY") and satisfies (2.1).



Now let Q' C © be a bounded domain and suppose u = (ug) is a solution of (2.1).
We say that (2.1) satisfies a Total Summing Condition with respect to u and € if the

following three conditions are satisfied.
(S1) There exists a bounded domain ” C Q with C?T® boundary such that ” lies locally
on one side of Q" with ' C Q" and dist(€2', Q\Q"”) > 0.

(S2) If 0V NI = 0 then 9" N ON = (), and if 9’ N ON # ( then for all k € {1,...,m}
there exist by, € C(R4 x (02" N0N), R4 ) such that ux < b on (0,7) x (02" NON).

(S3) For all 4,5 € {1,...,m} such that ¢ > j there exist a;; € R4 with «;; > 0 and
My, My € C(R4,R) such that for all k € {1,...,m}

k m
Z g fi(t,x) < Mi(t) Z ui(t, ) + Ma(t)

for all (t,z) € (0,7) x Q".

Perhaps some remarks are in order at this point. Consider (1.2)—(1.3) with = (0, 1);
v1(0,-),v2(0,-) € Co([0,1],R+) and ¢ € C*([0,1],R). Then well known results imply
that there exists Tiax > 0 and a classical noncontinuable solution vy, v of (1.2)—(1.3) on
[0, Timax) % Q. In addition, v1,vs are nonnegative. Now, suppose ¢(z) > 0 for 0 < z < 1
and let 0 < e < % Let m =2, T' = Thax, U1 = v1, Uz = V2, f1 = a1v1 +b1vs —cvlv; and
fa = agvy + bava + cvyvg. If Q' = (0, % — ¢) then we can easily verify that (2.1) satisfies a
Total Summing Condition with respect to u and €. Similarly, if c(z) < 0 for § <z <1
and we set u; = vo, ug = v1, f1 = agv1 + bave + cvrvy and fo = aqv1 + bive — cvyvg, then
again we can easily verify that (2.1) satisfies a Total Summing Condition with respect to
uand ' = (3 +¢,1). We will give further remarks in section 4, including the relation of
(2.1) and the Total Summing Condition to the separable generalized Lyapunov structure

and intermediate sum condition in [14], [15].
We are now in a position to state some results.
Proposition 1: Suppose that 0 < T < oo, u is a solution of (2.1) and @' C Q is a

bounded domain such that (2.1) satisfies a Total Summing Condition with respect to u

and €. If Q" is given in (S1), [Ju(|1,(0,7)xo» <00 and 1 < p < 0o, then |Jul|, (o, 17)xor < 0.

We can also give an LP boundedness and decay result in the case T'= oc.

Proposition 2: Suppose T' = oo, u is a solution of (2.1) and @' C Q is a bounded

domain such that (2.1) satisfies a Total Summing Condition with respect to v and €. Let
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1 < p < ooand§” begiven in (S1). If there exists K1 > 0 such that for all k € {1,...,m},

i,j €{l,...,n} and ¢ € {1,2} we have ||bk||co, || Me||c0, Hafjﬂcl,z, |cF|lcor, |1, e, e41)x

< K for all t > 0, then limsup |lull, t,i+1)xo < 0o. If in addition ||bk(t,-)||ec,00no0,
t—o00

M (t), |ully,t,t+1)x0 — 0 as t — oo then |ul|,, (¢ 1+1)x0r — 0 as t — oo.

We give the proofs of Propositions 1 and 2 in section 3. Section 4 contains some
extensions of these results to systems with Neumann type inequalities in condition (S2)
and a result which extends these results to sup norm bounds and decay. We also discuss

how our analysis can be used to extend certain results in [14], [15] to unbounded domains.

3. Proofs of Propositions 1 and 2

The primary technique employed in this section is an extension of a duality argument
which was introduced in Hollis, Martin and Pierre [9] and used extensively in Morgan [14],
[15].

Throughout this section we assume that the hypotheses of Proposition 1 are satisfied.
Define Qy = " from (S1), and for k € N let Q; C Q be a bounded domain with C?ta
boundary such that € lies locally on one side of 9. Furthermore, suppose that €' C
Qi C Qg1 € Q with dist(Q, Q\Q) > 0 and dist(Qp, Q\Qx—1) > 0. For each k € N let
gr € Cg°(R"™,[0,1]) such that gx|o, =1 and gx|o\a,_, = 0.

Let l<p<oo, 720, s>0, ke {l,...,m} and suppose that 0 € LP((7,7 + s) X
0, Ry ) is such that ||, 7 r4s)x0, = 1. Define

n

Lp =

P L ’J 81:18% Z “ 81:@
i,7=1
We will make considerable use of the following scalar equation.

¢t:Zk¢+97 T<t<T+s, xel
(3.1) ¢ =0, T<t<T+s, x€I

¢ =0, t=r1, x €.
Our first Lemma gives well known estimates for the solution of (3.1) which are critical in
the proof of Propositions 1 and 2. We refer the reader to Ladyzenskaja et al. [11] for this

result.

Lemma 3.1:  There exists a unique solution ¢ € W, ?((1,7 +s) x Q) of (3.1). Fur-

thermore, ¢ > 0 and there exists C' > 0 depending on €y, s,p, @, ||a¥

ijllcr (s <) and

HC]ZHOO7(T7T+S)XQO and independent of 6 such that

H(bHI/VlQ((T T+8) X Q) — <C.
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In addition, C' can be chosen such that the following are true:

(i) if p>n+ 2 then |HV¢H‘OO,(T,T+S)XQQ < C;
) ifp> n_+2 then H(bHoo (7, T+s)><QO S C;
) if 1 <p<n+1 and p < q < n+1 then ||o(T +s,)|lg.00 < C;
(iv) ifl<p<n+2 andp§q<p(”+2) then H(bHWm <C;
)

((1,7+5)xQ0) =
if p > 1 then H(bHWpo’l((T,T+S)X890) <.
The following technical Lemma forms the core of the proofs of Propositions 1 and 2.

Lemma 3.2: Suppose 1 < a < o0, 7+ s < T (with strict inequality if T = o0)
and ¢ € N such that u € L*((7,7 + 5) x Qq—1,RY") and u(r,-) € L*(Qq—1,RT). If p €
(1,00) is chosen such that ||¢(7+s, -)|| o, H(bH o (rrts) x>

4 (T, THs)XQ = < C
where C' is given in Lemma 3.1, then there ex1sts L > 0, dependent upon ||gql| C2(T)

p, Qo, s, Hafchl,z([T7T+S]X§0), HC]ZHCOJ([T,TH]xﬁo) and || M|, (r,r+s), such that uj, €
Lr/®P=D((1,7 + 5) x Q) and
[unll 2. (rrts)x0, < Llllu(T, Ma.ges + [[tlla,rr+s 2,
+ "b"oo,(T,T+S)X(8Q//m89) + HM2H007(7'77-+5)]-
for all h € {1,...,m}.

Proof: Let ¢ be the unique solution of (3.1) and set @(t,z) = ¢(27 + s — t,z) and
é(t,x) =027 +s—t,x) forall 7 <t <7+ sand x € Qy. Then 6 satisfies
tZ—Zké—é, T<t<T+s, xel

0, T<t<T+s, x€ Iy
0, t=7+s, x €.

ACHACEESE)
I

Consequently, for all 1 < h < k, integration by parts yields

(3.2) /TT+S/ uhgqéd:vdt < /q 1 up (T, x)gq(x)é(r, x)dx

/ / 0 (éazhj)mdadt
aQ//maQ .J 5 ’

2

Z a gq zg + a(b a(gq zg)
) Ox;0x; Ox; Oz;

[
—/T / <g§:;)d dt+/:+s /Qq_légqfhdxdt
T

)d dt

ﬁh — ﬁk é]uhqu:vdt.
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Now, (S3) yields
T+s k k
(3.3) / / Z akhuhgqédxdt < Z agplfirst 4 terms RHS (3.2)]
T Qq-1 p=1 h=1
T+s _ m
+ / / b9q lMl(t) > ui+ Mg(t):| dxdt
T Qg1 i=1

k-1 T+s _ .
Y M R Ay AT
h=1 T Qq—l

We now apply Holder’s inequality, (S2), Lemma 3.1, and the hypotheses of Lemma 3.2 and
conclude by duality that the result of Lemma 3.2 holds when k = 1. Now suppose there
exists k € {1,...,m} such that the result is true for 1 < h < k < m. Then if we isolate
the k' term in the sum on the left hand side of (3.3), repeat the above argument and use
our supposition that the result of Lemma 3.2 holds for 1 < h < k, then duality gives the
result for h = k as well. Hence, the result holds for all h € {1,...,m}. |

We are now in a position to obtain LP estimates for u. Unless stated otherwise, all
bounding constants given below depend upon €, T, afj,c’g’,Ml and M, as well as their

stated dependencies. We first consider the case T' < oo.

Lemma 3.3: Suppose) < T < oo. Let 1 < 4§ < Z—ﬁ Then there exists L1 > 0 dependent
upon ¢ and H91Hc2(§0) such that ||u||50,1)x0, < L1.

Proof: A hypothesis of Proposition 1 guarantees the result for § = 1. Suppose

1<(5<Z—ﬁ. Thenp:%>n+2. Thus, if we choose 7 =0, s =T, a = 1 and

g =1 in Lemma 3.2, then Lemma 3.1 guarantees the hypotheses of Lemma 3.2. That is,

ull5, 0,1y x00 < Ll[w(0,)[[1,00 + lull1,0,7) %00

+ 16l 0, 0,7y x (927n09) + | M2]s0,(0,1)]-

The result follows. [ |

Lemma 3.4: Suppose 0 < T < oo. Let Z—ﬁ << ”T” Then there exists Lo > 0

dependent upon § and HgQHCQ(ﬁo) such that [|u(|5 0,7)x0, < La.

Proof: Suppose 22 < § < 2t2. Set p = 2. Then 22 < p < n+ 2. Also, if
n+1 n 6—1 2

+2 +2 2 i
a = %then% = 2 and 1 < a < Z—il Thus, if we choose 7 = 0,



o o (n+2)
s =T, a= ghatom

hypotheses of Lemma 3.2. That is,

and ¢ = 2 in Lemma 3.2, then Lemma 3.1 guarantees the

HuHé,(O,T)xQQ < L[Hu(O, ‘)Ha,ﬂl + HuHa,(O,T)xﬂl
+ 16l 0, 0,7y x (927 n09) + | M2]s0,(0,7)]-

Consequently, the result follows from Lemma 3.3. [
We are now in a position to prove Proposition 1.

Proof of Proposition 1: Let £ € N. We claim that there exists Li+1 > 0 dependent
upon k and HngHCQ@O) such that "u"("TH)k,(O,T)XQk+2 < Li+1. The claim is true for
k = 1 from Lemma 3.4. Inductively, suppose the claim holds for £ = h and consider
k = h+ 1. Note that if 1 < p < 242 then —B'— < pn+2) - Pyrthermore, note that if

n+1l—p n+2—p°
a > Zi% and p satisfies = 5= aop,thenl <p< 142 Now, set a = (”H) . Suppose p
satisfies rfp = 2. Then we easily verify that S25 = (”T“) . Now choose 7 =0,s =T

and ¢ = k+1 in Lemma 3.2. Then Lemma 3.1 and the induction hypothesis guarantee the
hypotheses of Lemma 3.2. Consequently, the result of Lemma 3.2, the induction hypothesis
and Holder’s inequality give the claim for £ = h+1. Induction gives the claim for all £ € IN.

Proposition 1 follows. [

We now consider the case T = oco.

Proof of Proposition 2: Let {¢;}°; be a sequence of real numbers such that i—1 < ¢; <1
and |lu(t;,-)|l1,00 < |lull,i=1,5)x0, for all i € N. First, let 1 < 4§ < ”*2 Then similarly to

the proof of Lemma 3.3 we obtain
HuHé,(ti,ti+2)><Ql < L[Hu(th ')HLQO + Hquy(tiyti+2)><Qo
16l 0o, (£ t:4+2) x (9927 n00) F | Moo, (£:t:42)]

for all i € N, where L depends upon § and Hngcz(ﬁo)v and is independent of i. Thus,
there exists K > 0 such that ||u||s ¢ +1)x0, < K for all t > 0, and if [|b(t, )| 0,00 no02

M (t), |ull1,tt+1)x0r — 0 as t — oo then ||ul|s it +1)x0, — 0 as t — oo. Now suppose

Zi% << ”*2. Proceeding as in the proof of Lemma 3.4 we set p = 55—1 Then
2 2
12 < p<n+2 Also, if a = 7 ?g?ﬂié)ﬂj then z(f;; =4rand 1 <a< ”+2 Hence,

from the above there exists a sequence of real numbers {t;}$°, such that i —1 < tz < ¢ and

w(ts, )lla,00 < ||ulla,(i—1,iyx0- Then similarly to the proof of Lemma 3.4 we obtain

HuHé,(ti,ti+2)XQQ < L[|u(ti, )la, 00 + HuHa,(ti,tﬁQ)XQl

+ [0l oo, (11, t:+2) x (027009) + | M2 0o, (t:,t:+2)]
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with L dependent upon § and |g2|| C2(T) and independent of 7. Thus, there exists
K > 0 such that for all ¢ > 0, |[ulls@e+1)x0, < K and if [|b(¢,")]lec,00n00, M2(t),
w1, t,t41)x — 0 as t — oo then |ulls tt+1)x0, — 0 as t — oo. We can now pro-
ceed inductively as in the proof of Proposition 1, employing the time sequencing as above,

to obtain our result. [
4. Extensions of Propositions 1 and 2,
Sup-Norm Results and Further Applications

We begin this section by commenting on the extension of Propositions 1 and 2 to the
case where (S2) is replaced by a Neumann-type boundary inequality. Actually, (S2) could
be replaced with any boundary restriction which could interface with a modification of

(3.1) in the duality argument for Lemma 3.2. For example, if
(4.1) L; =d;A for all i=1,....,m
with d; > 0 constant and (S2) is replaced by

(S2)" If 9NN = O then 9N NAN = 0, and if ' NIN # O then for all k € {1,...,m} there
exists b, € C(R4 x (90Q" NoN), R4 ) such that dug/0n < by on (0,7) x (02" N IN).

then (3.1) can be modified as

O =dprAp+60, T<t<T+s, el
(4.2) 0p/0n =0, T<t<T+ S8, x €I
¢ =0, t=71, x €

and we still obtain our results. We state this extension of Proposition 1 and 2 below.

Proposition 3: If £; is given by (4.1) and (S2)’ replaces (S2) then the results of Propo-
sitions 1 and 2 still hold.

To obtain sup norm results for semilinear parabolic systems, we employ a standard
interior estimate result for scalar equations. Let Q C R" be a bounded domain, lying
locally on one side of its C?T% boundary, such that €', given in section 2 satisfy QOcC
Q, dist(,Q\Q) > 0, and 92NN = P if X NI = 0. Let 0 < Ty < Ty < Tb,
1 <qg<oo,and k € {1,...,m} and suppose ¢ € qu’Q((To,TQ) X ﬁ) satisfies

(4.3) G=Lrl+g Ty<t<Ty z€.
Lemma 4.1: There exists a constant C' independent of g and ¢ such that
IS () ey < € <H9Hq,(TO,T2)x5 Kl () <
+ HCHqu_l/2q’2_1/q((TO,TQ)X(ﬁﬁﬁﬁﬂ)))
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Furthermore, if Ha [ H ol =~ < K then C can be chosen dependent only

ct (R x Cc(R4xQ)
upon «, K,q,To — 11, Ty — TO,Q and dist (€Y, Q\Q)

Proof of Lemma 4.1: Ladyzenskaja et al. [11, page 355] comment that the first portion
of this Lemma can be obtained analogously to their Theorem 10.1 page 351. This is indeed

the case, and hence we omit the straightforward, tedious proof. For the second portion of
k

the Lemma, the bounds on a;;, ¢;

¥ and the modulus of continuity of a¥ ", give the result. |

Remark: If ¢ satisfies (for example) 9¢/0n +~v¢ = B on (Tp, Tz) % (92 N &) then the

term [|C][,,, can be replaced by [|3]|,,,

L=t/202=1a (7 Ty (90NDRQ)) Lm2e2=1a () o) % (09N0Q))
We now apply Propositions 1, 2, and 3 and Lemma 4.1 to obtain sup norm results for
solutions of certain semilinear parabolic systems. We first consider an extension of (1.2),

(1.3). Suppose € is bounded and vy, ve satisfy

(4.4) vy, = d1Avy + a1v1 + byvg — c(x) f(v1,v2), t>0, z€Q
’ vy, = da2Ave + agvy + bava + c(x) f(v1,v2), t>0, z€Q

(4.5) vy = (1,09 = s, t>0, x €0

(4.6) v = V1, V2 = U2, t=0, x €

where di,dy > 0; by,a2 > 0; a1,by € R; ¢ € C*(Q,[~1,1]); f is locally Lipschitz and non-
negative with f(0,z) = 0 and f(z,0) = 0 for z > 0; and 31, B2, v1,, V2, are smooth, nonneg-
ative and satisfy the usual compatability conditions. Then standard results guarantee that
(4.4)-(4.6) has a unique classical, nonnegative, noncontinuable solution on [0, Tiax) X Q.
We first show that we can obtain a priori bounds for this solution in L((0,7T) x Q). If
(1 = (B2 = 0 then we easily obtain

(U1 + Ug)d:l? < / [(Ch + CLQ)U1 + (b1 + bg)vg]dx.

dt 0

Consequently, if M = |vi, + vg, 1,0 and v = max{(a1 + a2),(bs + b2)} then
|v1(t, ) + va(t, )10 < Me". In the case Where (1, 32 are not identically zero, we
can still obtain estimates. If we set w(t,z) = fo (div1(s,x) + dava(s,z))ds where

rnax

dmax = max{dy, ds} then w satisfies

p

d
< dmaxA & 07 Tmax Q
wy < w~+ vy, + v, + mln{dl,dg}w on ( ) X

t
/ (d1B1(s,x) + dafa(s,x))ds on (0, Tinax) X OQ
dmax 0

L w=0 on {0} xQ.

(4.7) e L

11



Hence, maximum principles yield a growth rate on w and consequently we obtain

L'((0,T) x Q) a priori bounds for v; and vy. Now, let Q; = {z | c(z) > 0} and suppose
Q4 # (0. Then Q4 is open. Now let Q' C Q4 be a domain such that dist(Q, Q\Q4) > 0.
Then clearly (4.4) satisfies a Total Summing Condition with respect to vy, vy and §2'. The
following Propositions give sup norm estimates for v; and vy on €. In order to obtain

these estimates we need the following assumption:

(4.8) There exist L,a,e > 0 such that |f(y, z)| < L(y + z + ¢)® for all y,z > 0.

Proposition 4: If Ti,,x < oo then there exists K > 0 such that

|lv1 + /UQHOO,(O,Tmax)XQ/ < K.

Proposition 5: Suppose Tiax = o0 and 1 = (2 = 0. If max{(a1 + a2), (b1 + b2)}
= 0 then [[v1 + v2|o0,(0,00)xr < 00. If max{(a1 + a2), (b1 + b2)} < 0 and € = 0 then

|lvi(t,-) + v2(t,)||co,r — 0 as t — oo.
Remark: One can show that the decay rate in Proposition 5 is actually exponential.

Proof of Proposition 4: Since dist(€,Q\4) > 0 there exists a domain Q C O
with a smooth boundary such that € lies locally on one side of 89, dist(Q, Q\Qy) >
0, and dist(¢ ,Q\Q) > 0. Consequently, we easily obtain that (4.4) satisfies a Total
Summing Condition with respect to v1,vs and Q. Thus, from Proposition 1 and the L!
estimates above, [|v; + vQHp,(o,me)xfz < oo for all 1 < p < co. If we now apply Lemma
4.1 with k = 1, £; = diA, ( = v1 and g = a1v; + byva — cf(v1,v2) then we obtain
HUlHW{}’Z((é,me)xQ’) < 00 where 0 < § < Tihax and 1 < g < 0o. By choosing ¢ sufficiently
large and applying the Sobolev Imbedding theorem, we obtain a sup norm bound for v;.

The result for v, is similar. [ |

Proof of Proposition 5: The result follows from the L' estimates obtained above and
an argument similar to the proof of Proposition 4 given on time intervals (T'— §,7 + 1) as
T — oc. |

We remark that if d; A is replaced by the more general £; in (4.4) and $; = 2 = 0 then
we still obtain L! a priori estimates as above. However, if 3; and 5 are not identically
zero then it is not clear whether a priori estimates can be obtained in general. In the

special case of

L;=d;(t,z)A + cy(t, x)=—,
( ) ; é( )axe

12



it is shown in Fitzgibbon, Morgan and Waggoner [5] that L2((0,7) x ) a priori bounds
can be obtained for a large class of systems containing (4.4)-(4.6). Consequently, in these
cases, extended versions to Propositions 4 and 5 are possible.
We also remark that if we consider the given system (4.4)-(4.6) with (4.5) replaced by
ov;
on

(4.9) + viv; = By, t>0,xed,i=1,2

with 7; > 0 and smooth, then L! a priori bounds can be obtained as above, and analogous

results to Proposition 4 and 5 can be given.

We now consider a large class of systems containing (4.4), (4.5), (4.6) and fitting nat-
urally into the framework of section 2. Let {2 be possibly unbounded and for ¢ =1,...,m
let F;: Ry x Q x R™ — R™ be continuous. Suppose that for all i € {1,...,m},M; C R
is connected with 0 € M;, M = My x -+ X M,, and v = (vx) € C2((0,T) x Q, M) N
C([0,T) x Q, M) satisfies

{vkt = Ekvk +Fk(~,~,v) on (O,T) x Q

(4.10) v =0 on (0,7) x 0N.

In addition suppose that for all i € {1,...,m} there exist h; € C?(M;, R ) such that
(i) hi(z) =0iff 2z =0,
(ii) hY(z) > 0 for all z € M;,
and
(iii) there exist L1 € R and Ly € L*((0,T) x Q) such that

> hi(zi)Fit,,2) < LY hi(zi) + La(t,x) forall (t,2,2) € [0,T] x Q x M.
=1

i=1
Such structures have been applied extensively in [3], [4], [5], [14] and [15]. The function

m
>~ hi(z;) has been termed a separable generalized Lyapunov function for the vector field
i=1

F = (Fy). Typically, this function has the form > z; (in which case M; C R4 for all 7)
i=1

or > 22, but can have other forms as well; see Groger [6], [7]. Also, there exists a class
i=1
of reaction-diffusion systems modelling an autocatalytic reacton for which infinitely many
structures of this form exist for the given reaction vector field [15].
Now, suppose that we multiply the k*® partial differential equation in (4.10) by hj, (vg)
and set up, = hi(vk), fir = hj(vk)Fi(-,-,v). Then u = (uy) satisfies for each k € {1,...,m}
Ug, < Lrug + fr, on (O,T) x )
(4.11) ug = 0, on (0,T) x 00
ur > 0, on (0,T) x Q.

13



If we now have u(0,-) € L*(Q2) and integration by parts is permissable then we obtain

d m
%/Q];uk(t,x)dxglﬁ/ Zuk (t,x d:L’+/L2(t,x)d:1:.

Consequently, L' a priori bounds can be obtained for each wj. Thus, if there exists a
domain Q' C Q for which (4.11) is Totally Summable with respect to u, and ' then we
can obtain L?((0,T) x Q) estimates for each uj, where (4.11) is also Totally Summable with
respect to uy, and € and dist(¢Y, Q\Q) > 0. Returning to (4.10) we may apply Lemma 4.1

along with conditions such as

m a
Bl o) < Lg(z hi@i)) L
i=1

and h;(v;) = a;v]" to obtain sup norm bounds for the unknowns vy, ..., vy, on . If the
Total Summing Condition holds on any subdomain of €2, then such results can be used to
extend results in [14], [15] to unbounded domains. We remark that in this case condition
(S3) is a special case of the intermediate sum condition given in [14], [15] for systems with
L; = d; A\ on bounded domains.

We should also say that nonhomogeneous as well as other types of boundary conditions
can appear in (4.10) so long as a priori estimates can be obtained and these boundary
conditions can interact with the operators Ly in the duality arguments from Section 3.

Finally, the L! estimates obtained above for (4.10) still hold if £y, is degenerate elliptic.
Consequently, the results in this work can be used to obtain estimates for solutions on

domains “away from” the degeneracies.

We conclude this section by demonstrating how our theory can be applied to obtain
global existence for a one dimensional flame propagation model. Recently several authors

(e.g. Larrouturou[12], Avrin [2]) have considered the model

0 = 0. + f(Y,0), t>0, zeR

Y = aYes — f(Y,0), t>0, reR
(4.12) O(t,—o00) =0, O(t,00) =1, t>0

Y (t,—00) =1, Y(t,00) = 0, t>0

t,00) =
0(0,x) = 6p(z), Y(0,2) =Yp(z), z€R

where d > 0, f is nonnegative and locally Lipschitz, f(0,z) = 0 and |f(w, z)| < Li(w +
2)® for all (w,z) € ]Ri, and the initial data 6y, Y, are bounded and nonnegative. Here
f and Y represent nondimensionalized temperature and mass fraction of the reactant

respectively, and a = L~! where L is the Lewis number. We do not concern ourselves
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with the technicalities of local existence, but rather assume local existence of a nonnegative
classical solution on a time interval (0, Tiax ) and obtain bounds which can typically be used
to obtain global existence. With this in mind we set M = |6y + Yo|loo; dmax = max{1,a}
and w(t, x) fo s,x) +aY (s,x))ds for all (t,x) € [0, Timax) X R. Then w satisfies

tgdmawa+M t>0,.77€]R,
(4.13) w(t, — ) =at, w(t,00) =t, t>0
w(0,7) = z € R.

Hence, w(t, ) < (M 4 dmax)t for all (t,z) € (0, Timax) X R. Now, let n be an integer. Then

t n+3
/ / (0 +Y)dzds < Kt
0 n—3

with K independent of n. Furthermore, (4.12) clearly satisfies (after reordering the equa-
tions) a total summing condition with respect to Y, 0 and (n — 2,n + 2) independent of n.

Consequently, (assuming Tinax < 00) we obtain

Her,(O,Tmax)><(n72,n+2) + HYpr(OyTrnax)X(n727n+2) < Kp

with K, independent of n from Proposition 1 for all 1 < p < oo. Therefore, if we use
the polynomial growth restriction on f given above along with Q= (n —2,n 4 2) and

' =(n—-1,n+1) in Lemma 4.1, then we can obtain

K,

IN

101122 (e Tma) x2) T 1Y w22 (e Tm) x9)

independent of n for all 1 < ¢ < co. By taking ¢ sufficiently large we will be guaranteed

sufficient bounds and smoothness to guarantee continuation of solutions.
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