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Abstract

We consider a class of semilinear diffractive-diffusion systems of the form

—da,Au; = fa,(u) z€A
—dBiAﬂi = fBi (ﬂ) r e B
(P) u; =u; on 0A
da QU — g, 94 on A
U; = g; on 0B\0A

where A and B are smooth bounded domains in R" such that there exists a smooth
bounded domain Q C R” so that A is a strict subdomain of Q and AU B = ). We assume
that da,, dp, > 0, each g; is nonnegative and smooth, and fa = (fa,) and fg = (fB,) are
locally Lipschitz vector fields which are quasi-positive, nearly balanced, and polynomial
bounded. We prove that these conditions guarantee the existence of a nonnegative solution
of (P) for the case of n = 2. In addition, for the case of n = 3, we show that nonnegative
solutions of (P) exist provided that f4, fp satisfy a quadratic intermediate sum property.
In particular, our results imply that, for space dimensions n = 2,3, if (P) arises from
standard balanced quadratic mass action kinetics, then nonnegative solutions of (P) are

guaranteed. We apply our results to two multicomponent chemical models.
AMS (MOS) classification numbers: 35B45, 35J55, 35K57, 35R05
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1. Introduction

Many reactive diffusive processes feature a pronounced dependence of the reaction kinetics
and diffusive structure upon the heterogeneity of the domain structure. Systems having
reaction kinetics that depend upon domain structure arise in a variety of applications,
including geochemistry [15] and experimental chemical reactors [21]. Diffusion through
highly heterogeneous media can produce diffractive diffusion. Diffractive diffusion arises
in nuclear reactor physics and has been studied in the American and Russian mathemat-
ical literature ([11], [12], [17], [18], [19], [20]). However, there is a marked absence of
mathematical literature that treats these types of systems and focuses on the presence of
complex kinetic structure.

In the work at hand, we are concerned with steady state solutions to systems featuring
reaction kinetics and diffusive structure dependent upon the heterogeneity of the domain.
We focus on a highly idealized physical scenario whereby m chemical species diffuse and
react in a region (2. We assume that {2 contains an inner core or subvolume, which we
shall designate by A, and that A is surrounded by one connected region B that separates
0A from 0f) as depicted in Figure 1. We assume that reaction and diffusion transpire
throughout €2, but we assume that the reaction diffusion systems describing the processes
differ across the interface A of A and B, and that the distinct systems are coupled by
requiring continuity of the state variables (concentration densities) and fluxes across the
interface.

The types of systems to be considered are of the form

—da,Au; = fa,(u) z€A
—dBiAﬂi = fBi (ﬂ) r e B
P Ui = U on 0A
") da, QU — g5 Ui on 9A
A 8?7,4 Bi 8?7,4
U; = g on OB\OA.

Here u; and 1; represent the concentrations of the i*" chemical species in A and B, re-
spectively, for ¢ = 1,...,m. Specific hypotheses concerning the coefficients and functions
present in (P) are given in the next section. However, we take some time here to motivate
our principle assumptions concerning the vector fields f4 and fp.

Recall that our primary interest is in models that arise from complex chemistry. To
this end, suppose (P) models the steady state behavior for the reaction and diffusion of

a chemical process that takes place on the domain ). Then the unknowns u, @ represent
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chemical concentrations that are subject to the same basic chemical reactions regardless
of whether they take place in A or B, with the only difference being the acceleration or
deceleration of reaction rates due to domain properties. In general, if z1,..., 2z, represent
m chemical species that interact in k reaction steps on 2, then the laws of mass action

kinetics imply that there exists an m x k matrix N (termed the Stoichiometric Matrix)

and reaction rates Ry, (2),...,Rg,, (2) (which may also depend upon domain properties)
such that
RQl (2)
fQ(Z):N ) fOI‘q:A,B,
Ry, (2)

with IV independent of z, reaction rates, etc. Now, for the moment, consider the associated

kinetic equations (with diffusion ignored). These equations have the form

V' (t) = fav(t)) on A

V' (t) = fp(v(t)) on B.

We will concentrate on the first of these. If we expect some sort of conservation of total

mass, or a weighted conservation of total mass, then we expect something like

Z biv(t) = Zbiv(O) for all ¢t > 0,
i=1 i=1
where by, ...,b,, > 0. However, if we integrate the kinetic equations, then we obtain
m m t
Zbiv(t) = Z (biv(O) +/ bifa, (v(s))ds) for all ¢t > 0.
i=1 i=1 0
Consequently, we can probably expect the conservation above to hold only if
(A) Z bifa,(z) =0 for all admissable z.
i=1
From the form of f4 above, we would expect this to be a consequence of (by,- -, bm)T €

ker(NT); that is, we would expect conservation of mass to be determined by stoichiometry

and not by reaction rates. As a result, we would also have

(B) Z bifp,(z) =0 for all admissable z.
i=1
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The assumptions (A) and (B) are typically referred to as balancing assumptions (cf. [5],
(7], 18], [9], [10], [13], [14] and the references therein). Interestingly, many chemical systems
give rise to a balancing structure. In fact, all single step reversible chemical reactions give
rise to a balancing structure ([8]), and many multiple step chemical reactions give rise to
similar structure. We will build our analysis around related assumptions.

Our results are quite natural for the case of space dimensions n = 2 and n = 3,
although at first glance, the extra hypothesis that we place on the reaction vector field for
space dimension n = 3 might seem a little odd. In either case, our results guarantee the
existence of nonnegative solutions to systems arising from standard balanced quadratic
mass action kinetics.

Our work relies upon estimates developed by localized duality arguments applied to
a nonstandard scalar steady state diffractive diffusion problem. The scalar diffractive
diffusion problem arises from an assumption of near balancing upon the reaction vector
field in our model. However, due to the structure of our system, the solutions of the
scalar problem are not necessarily continuous across the interface, although their fluxes
are continuous. The lack of continuity in the solutions at the interface causes some difficulty
in obtaining necessary a priori estimates.

Our subsequent work is organized as follows. We give a precise statement of our
problem in Section 2. In Section 3 we develop some estimates for the related, nonstandard
scalar equation. We give the proofs of our main results in Section 4. Finally, Section 5

contains two examples to illustrate the applicability of our results.

2. Statements of Results

We assume throughout that n > 2 and €2, A and B are given as in the introduction.
More specifically, we assume € is a bounded domain in " whose boundary 952 is a C?*¢
manifold such that € lies locally on one side of 9€2, and there exist domains A, B C €2 such
that A C Q and Q = AU B. In addition, we assume that for each P € JA there exists an
e > 0 such that if we denote B.(P) = {z | |x — P| < ¢} then there exist local coordinate
functions ¢1, ..., o, € C3*(B:(P),R) so that

AN B:(P) = {z | ¢1(x) = 0},
|IVoi(z)] > >0 for all z € B(P),

and
Voi(z) - Vo,;(x) =0 for all z € B.(P) if i # j.
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Finally, we let n4 denote the unit normal vector on A pointing out of A. We consider

the system (listed here again for easy reference)

—da,Au; = fa,(u) z€A
—dBiAﬂi = fBi (ﬂ) r e B

(P) U; = Us on 0A
d Qui _ d 0u; on OA
U; = g on 0B\0A

where fa, fp: RY" — R™ are locally Lipschitz, satisfy the quasi-positivity condition:
(QP) fa(2) =2 0 for all z € R with z; =0 and g = A, B

and are nearly balanced with the same balancing law:

(BAL) There exist b; > 0 and K, > 0 such that
Zbifqi(z) < K, for all z € R and ¢ = A, B.
i=1

Furthermore, we assume that each component of f4 and fp is polynomial bounded, i.e.,

(POLY) There exists a polynomial P: R™ — R such that
|fo:(2)] < |P(2)| forall z e R, ¢ =A, B, andi=1,...,m.

In addition, we assume that g; > 0 is smooth and d,, > 0 for each ¢ = 1,...,m, ¢ =
A, B. A classical solution of (P) will be defined to be a pair of functions (u, 4) such that
u € C?*(A,R™)NCHA,R™), @ € C*(B\OA,R™) N CYB,R™) and the functions u and @

satisfy (P). The above hypotheses are sufficient to obtain the following existence result.

Theorem 2.1. Suppose that fa, fp : R — R™ are locally Lipschitz and satisfy (QP),
(BAL), and (POLY). In addition, suppose that each g; is nonnegative and smooth, and
dg, > 0 foreach ¢ =1,...,m, ¢ = A,B. Then, if n = 2, there exists a componentwise

nonnegative classical solution of (P).

The problem becomes somewhat more complicated for space dimension n = 3. In this
case, our analysis requires some additional assumptions. Adopting the terminology from

[13] and [14], we impose the following quadratic intermediate sums condition:
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(QUAD) There exist a lower triangular matrix A = (a; ;) with positive diagonal entries

and a quadratic polynomial Q): R™ — R such that
Zaiyijj(z) <Q(z) foralli=1,...,m,q= A, B and z € 7.
j=1

We note that (QUAD) does not require each component of f4 and fp to be bounded by a
quadratic polynomial. It simply requires that there is an ordering of the components of f4
and fp such that the first component is bounded above by a quadratic polynomial and that
certain linear combinations of successive components of f4 and fp can be formed so that
higher order terms either cancel each other or are only present with negative coefficients.
It should be clear that (QUAD) need only be stated for i = 1,...,(m — 1) due to (BAL).

We can now state our result for the case n = 3.

Theorem 2.2. Suppose that n = 3 and that (QUAD) and the hypotheses of Theorem 2.1

are satisfied. Then there exists a componentwise nonnegative classical solution of (P).

It is also possible to give a number of useful adaptations of the results above by giving
variations on (BAL) and (QUAD). For example, consider the following assumptions and

the subsequent theorem.

(BAL1) There exist K, > 0 for ¢ = A, B, k € {1,...,m}, b; > 0, and a polynomial
P;: R — R such that

k m
ZbifQi (2) < K, and Z bifg;(2) < Pi(z1 ..., %)
i=1 i=k+1

for all z € R and ¢ = A, B.

(QUAD1) There exists a lower triangular matrix A = (a; ;) with positive diagonal entries
and polynomials Qq: R* — R, Q2: R™ — R such that

Zai:jf%'(z) SQl(zlw"vzk) Vizlv"'vka q:Ava ZG?RT,
j=1

and .
7
Z aijfe;(2) £Qa(2) Vi=k+1,...,m, ¢q=AB, ze R,
j=k+1
where ()1 is quadratic and )2 is quadratic in zx41,..., Zm-
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As we will see below, the first inequality in (BAL1) allows us to obtain a priori
estimates for u; and u; for ¢ = 1,...,k. Once that is done, the second inequality in
(BAL1) becomes a balancing condition which allows us to obtain a priori estimates for the

remaining components. (QUADL1) is used in a similar manner.

Theorem 2.3. Suppose that fa, fp: R — R™ are locally Lipschitz and satisfy (QP),
(BAL1) and (POLY). In addition, suppose that g; is nonnegative and smooth and that
dg, > 0 foreach i = 1,...,m, g = A,B. Then, if n = 2 or if n = 3 and (QUADI) is

satisfied, there exists a componentwise nonnegative classical solution of (P).

We give an example in the last section to illustrate Theorem 2.3.

3. Preliminary Estimates

In this section, we develop some preliminary scalar estimates. We assume g¢ is a fixed
nonnegative smooth function, G4 € LI(A) and Gp € L4(B) with 1 < ¢ < o0, d > 0, and
na (respectively np) denotes the unit normal vector on A (respectively 0B) pointing out
of A (respectively B). Throughout this section we assume U € C?(A4,R) N C1(A,R) and
W € C?(B\0A,R) N C*(B,R) are nonnegative functions satisfying the system
( —AU < Ggp in A

- AW S GB in B
oU _ oW on 0A

(SC) Bna — Ona
§VgUgdW on HA
L W=g on 0B\0A.

Remark. At first glance, it might appear as though estimates for solutions of (SC) are a

simple matter. However, this is simply not the case.
We begin by obtaining an L' estimate for solutions of (SC).

Lemma 3.1. There exists a constant C' dependent upon the L' norms of G4 and Gp,

but independent of U and W, such that

/w+mw+/Um+/nga
0A A B

Proof: Let ¢ and 9 solve, respectively,

“Ap=1 inA —Ay=0 B
{ 6=0 9A and P = on 0A
- on $=0  ondB\OA.



Note that ¢ > 0 in A and a(%\ < 0 on 0A by virtue of the maximum principle. Also, we

have the estimates

_ _ [ y9¢
(INT3.1) /U < /U( Ag) < 8{(] + A/GA¢

ona
A A

N 99
< d/W +A/GA¢

ona
A

and

0 0
(INT3.2) /W@ < /—W—¢ + [[Gallia — / g—¢ + /GBlb
J s onp J

DA dB\0A

(in the first estimate we used the algebraic sign property of the normal derivative). We
begin by taking © = 0 above. Noting that a%; > 0 on the compact set A, we obtain a
bound for the L' norm of W over 9A. We now return to (INT3.2) and take © = 1. By
combining (INT3.1) and (INT3.2) we obtain our result. n

In lieu of the result above, we know that U and W can be bounded a priori on subsets
of A and B which lie away from dA. We state this result in the following lemma. A proof

establishing these interior estimates can be found in either [1] or [6].

Lemma 3.2. Suppose that G4 € LI(A) and Gp € LY(B) with ¢ > %. For every ¢ > 0
there exists a constant C. > 0, independent of U and W, such that if Q4 C AandQp C B
with dist(Q2a,0A), dist(Qp,0A) > €, then U(x), W(y) < C. for allx € Q4 and y € Qp.

Consequently, we need to concentrate on obtaining estimates near dA. Our first set of
these estimates is obtained in the proof of the following lemma. The lemma is stated in

terms of the resulting estimates for U and W in all of A and B respectively.

Lemma 3.3. If 1 < p < oo is given such that p%l > 4, then there exists a constant
Cp > 0 dependent upon the L' norms of G4 and Gp, but independent of U and W, such
that [|Ullp,a, [Wlp.5 < Cp.

Proof: We need only develop estimates in a neighborhood of 0A. To this end, let P € 0A
and suppose {¢1,...,¢,} is a smooth, orthogonal, local coordinate system for a neighbor-
hood of P such that ¢; = 0 determines A locally; i.e. there exists an € > 0 such that
®1,...,¢n aresmooth on B.(P) = {z | |[z—P| < e}, 0ANB:(P) = {z | ¢1(x) = 0}NB(P),
|IVoi(z)| > 0 >0 on B.(P), and Vg,(x) - Vp;(x) = 0 on B.(P) if i # j. Assume without
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loss of generality that V1 (z) points out of A at each point © € IAN B.(P) (see Figure 2).
Then there exist a; > 0 such that

{z | |¢i(z)] < as, i=1,...,n} C B(P) and {z | ¢1(x) < 0} N B-(P) C A,

and near P we can treat U and W as functions of ¢1,..., ¢y,.

If we apply this change of variables to U and W then we obtain

AU =Y (Ui |VOil* + Up, Agpi) and AW =" (W0, |Vil® + Wy, Asi) -

i=1 i=1
Consequently, if we define (see Figures 2 and 3)

¢:(¢17¢27"'7¢n)7 (b: <_¢17¢27---7¢n)7
R={(¢1,02,...,0n) | —ou < ¢1 <0 and |¢;| < o for j =2,...,n},
I'={¢|¢e€ Rand ¢ =0},

and

Z(¢) = U(9) + W(9) for (¢1,...,¢n) € R,

then routine calculations yield

Zy (¢) =0 pel

where each a; € C?(R) with a; > 0 and

F(9) = 3 (e1i(0)Wauo, (8) + ¢2,Us,(9) + 5,1 (9)Wo, (9) ) + H,

=1

where ¢1 ; € C?(R) with ¢1 4(¢) = 0forall ¢ € T, ca4, c3; € C1(R), and H is an L' function
dependent upon G4 and Gp. We remark that since Z(¢) = U(¢) + W(¢), Lemma 3.1
yields a bound for Z in each of L'(R) and L(I"). We also note that from Lemma 3.2 and
the compactness of the boundary, it is sufficient to obtain bounds for Z in LI(R) to prove
the lemma.

We obtain these estimates for Z as follows. Begin by taking 0 < §; < a; and defining
p: R — [0,1] such that p is smooth, 8({37—‘; = 0 on OR, u(¢) = 1 for all ¢ such that

—% < ¢1 < 0 and |¢;| < %J for j = 2,...,n, and p(¢) = 0 for all ¢ such that either
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—a; < ¢1 < —3% or |¢p;| > % for j = 2,...,n (see Figure 3). Now take X to be a

smooth bounded domain such that
{¢| —a1 < ¢1 <0 and |¢;| < 3a;/4, j=2,....n} CXCR

(see Figure 3). In addition, suppose that § < p < oo and © € LP(R) is such that © > 0
a.e. and ||O], o = 1. Note that if nx; is the i*" component of the unit normal vector on
0X pointing out of X and M > 0 is chosen sufficiently large, then there exists a unique,
nonnegative solution y € W2?(X) of

_Z(aiy)¢i¢i+My:@ peX
(DUAL) =t

3o Aaiw) ¢ € OX.

Furthermore, with M chosen in this manner, there exists C}, > 0 independent of © such
that [|yl|2,p,x < Cp, where ||-||2,5, x denotes the standard Sobolev norm on W7} (X) ([1], [2],
[6]). Since p > %, we can apply Sobolev imbedding results [6] to show y € C(X)NW2(X)
and obtain a constant C}, > 0 independent of © so that [|y||ec,x < Cp. In addition, in
the case when p > n, we have y € C*(X) N W2(X) and C), can be chosen [6] so that
Y lloo,x < Cp for each i =1,...,n.

We proceed via duality. Integration over X with respect to ¢ yields

/uZ@ = /MZ<—i(aiy)¢i¢i +My) = /uZMy —/iaiy(uZ)mm

X X = X X
ZM/uZy —/Zaz‘y(ummzﬂ%um%i +1Zs.4:)
X x =1
SM/,UZZJ _/Z(aiyu¢i¢i _Q(Giy,u%‘)(ﬁi)z - /2alyﬂ¢iz+/ﬂyF~
X x =1 rnoxX X
Also,

n

/uyF = [ ny <Z (11 W19, (9) + c2.:Usp, + 3. Wos,(6)) +H)

=1

>

(. (((ryeridos, = (myes.)o ) W (B) = (myes,)o, U(9)) +uyH>

[ (= 100, W @) + yeanU(6) + s aW (3).
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If we combine these computations with the boundary conditions satisfied by y on I' and
the definition of Z then we can show there exist functions g1, g2, 93,94 € C(X) with go

independent of the choice of 3; for e = 1,...,n so that

(INT3.3) /uZ@ < /Zy91 +/<u2922161,iy¢i¢i! + (Z+H)y93+ng4Z!y¢i!)-
X T X i=1 i=1

From the conditions that g1, ..., g4 satisfy, there exist K, K3 > 0 so that ||g2]|cc < K and
lgilloo < K for i =1,3,4. Now, suppose for the moment that p > n. Then we know from
our discussion above that y € C*(X) and there exists C,, > 0 independent of © so that

Ylloo,x [1Yg: lloo. x5 [9ll2,p.x < Cp-

Consequently, if we let C' be the constant given in Lemma 3.1 then (INT3.3) yields

p—1
P

(INT3.4) /uZ@ < (n+2+||H|1.x)CCKs + CoK / (uZZ ycl,,-!>
X X i=1

Now recall that ¢, € C(X) with ¢1; = 0 on I', and that the values 3; determine the
support of g. Combining this information with (INT3.4) we obtain (through duality) the
existence of € > 0 such that if 0 < 3; < e foreachi=1,....nand 0 < § < ﬁ, then
there exists Cg s > 0 independent of Z such that

(INT3.5) |uZ|| 2 —50 < Cgs.

We now return to (INT3.3) and suppose p > %. Then y € C(X) N W} (X) and there
exists C), > 0 independent of © such that [|y|| ., x, Hyﬂfg( < Cp. Then Sobolev imbedding

results imply there exists C, 4 > 0 so that ||ys,|[nty.0 < Cr for all v > 0 sufficiently
small. These estimates and (INT3.3) yield

(INT3.6)
/ pZO < (2+ | H|l1 x)CC,Kp + Cy K / (uZZ!m!) + / 1291y |yl
X X =1 X =1

Therefore, if we apply (INT3.5) and the estimate above for y,, above with appropriate
choices for 6,y > 0, then we find

p—1
P p

/,uZ@ < (2 + HHHLX)CCPKﬁ + CpK / (IUZZ ’Cl7i’> + nKlgCﬁjCﬂﬁ.
b b =1
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Thus, in a manner similar to that used to obtain (INT3.5), we find that there exists k, > 0
independent of Z so that HNZHP%,X < k, for all p > &. That is, there exists K, > 0
independent of Z so that ||uZ]/, x < K, for all 1 < ¢ < %5 (where -5 is interpreted to
be co when n = 2). Consequently, if we recall our remark at the beginning of the proof,
then we have our result. ]

We remark that when n = 2, Lemma 3.3 implies that U € LP(A) and W € LP(B)
for all 1 < p < oo, with bounds independent of U and W. This will ultimately give
us the necessary estimates to obtain Theorem 2.1 and the first portion of Theorem 2.3.
Unfortunately, it falls short of what we need to obtain Theorem 2.2 and the final portion of
Theorem 2.3. The following lemma will be used in conjunction with Lemma 3.3 to obtain

these latter results.

Lemma 3.4. Suppose that n = 3 and there exists C' > 0 such that ||Gall2,4, ||GB|2,B;
1U||2,04, [|[W]l2,0a < C. Then there exists K, > 0 dependent upon C, but otherwise
independent of G4, Gg, U, and W, such that |[U||g, 4, |[W/|qa < Cy for all 1 < g < oc.

Proof: Proceed as in the proof of Lemma 3.3, but disregard the assumption that p > 3.
We have the a priori estimate || Z]||2,r < 2C (from the hypothesis). Furthermore, for every
1 < ¢ < 3 there exists C; > 0 such that ||Z||,,¢ < C; from Lemma 3.3. Using the a priori
bound on y in W?P(X), we can be assured that for every § > 0 there exists 1 <p < 1+§
and Kjp > 0 such that [|y[[s+s,x, [y, [l 245 x, [yll2+sr < Kp. If we employ these estimates
and the hypothesis in (INT3.3) then we obtain our result by proceeding analogously to the

final portion of the proof of Lemma 3.3. ]

The proofs of our main results require some fundamental results for scalar diffractive-
diffusion problems. To this end, suppose that da, dg > 0, ga € LP(A), gp € LP(B), and
h € H/?(0B\OA). We consider the problem of determining functions ¢, ¢p defined on
A, B respectively such that

—dAA(bA =gA rec A
—dBA(bB = 9B r e B
(SCAL) 8$A = ¢B(’9¢ on 0A
A _ B
o =nh on 0B\0A
in some appropriate sense. The notion of a weak solution of (SCAL) is defined in the usual
manner. One produces a function 1 € H'(B) so that ¢ = h on 9B\dA and the support of

1) does not intersect JA. Then the substitution ¢p = (}5 B + ¥ is made in (SCAL) to yield
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a system similar to (SCAL) with a homogeneous boundary condition on dB\0A. Now
define the sets

Hap ={(va,vp) € Hl(A) X Hl(B) | v4 = vp a.e. on 0A}
and
Hapo={(va,vp) € Hl(A) X Hl(B) | vg = 0 a.e. on B\OA and vq = vp a.e. on 0A}

equipped with the inner products (-,-): Hap X Hap — R and (-,-)o: Hapo X Hapo — R
defined by

<(UA,1)B), (wA,wB)> = dA/VUA . VwA + /(dBVUB . VwB +vaB)
A B

for all ((va,vB), (wa,wp)) € Hap X Hap and

((va,vB), (wa,wr)), ZdA/VUA~VwA+dB/VvB~VwB
A B

for all ((va,vB),(wa,wp)) € Hapo X Hap,o. It is a simple matter to show that Hap
and Hap o are Hilbert spaces when they are equipped with these inner products. We say
(pa,0B) € Hap is a weak solution of (SCAL) provided (¢4, <;B) € Hapo and

(WK3.7) /dAV(bA -Vug + /dBWEB -Vup = /gAvA + /(QBUB —dpVy - Vup)
A B A B

for all (va,vp) € Hap,o-

Proposition 3.5. Let p > 2% g4 € LP(A), gp € LP(B), and h € H'/?(0B\0A). Then
there exists a unique weak solution (¢4, ¢p) € Hap to (SCAL). Furthermore, there exists

K, > 0 independent of g4 and gp such that

(6, ¢8) a5 < Kp(llgallp.a + lg5llp.5 + [Pl mi20mv04))-

Proof: Set ¢ = 7%. Note that there exist K; > 0 independent of A such that the selection
of ¢ can be made in the manner above with [[¢)[12,5 < Ki[|h||g1/2(95\04)- Furthermore,
if (va,vp) € Hap,o then (va,vp) € L9(A) x L1(B) and there exists C; > 0 independent

of (va,vp) such that

lvallg,a +llvBlles < Cpll(vas vB)|Hap o
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Finally, from the Poincaré inequality there exists Ko > 0 such that for every (va,vp) €
Hyp o

lvalli,2,a + lvelli2s < Kal(va,vB)|Hap.0-

Now define F': Hap,o — R via

F(va,vp) = /gAvA + /(ngB —dpVi - Vup)
A B

for all (va,vp) € Hap,o. Clearly F is well defined and linear. also,

[F(va,vB)| < llgallp,allvallg.a + llgsllp,slvelles + dplldl2,llvsl,28
< (lgallp.a + llgsllp.8) Coll (va, v8)ll s o

+dpKu||hllg2op\0a) Kall(va; vB) | -

Therefore, F' is a bounded linear functional on H4p 0. As a result, a simple application of
the Riesz Representation Theorem guarantees the existence of a unique (¢4, (E B) € Hapo
that solves (WK3.7). Moreover, |[(¢4,08)||#apo = |F|l. The result follows. n

The theorem below is well known ([11], [12], [17]). Since our focus does not lie with
the properties of the functions g; in (P), our statement of the result below is given for
smooth h in (SCAL). Certainly, if h is smooth, then we have h € H'/2(0B\0A). Also,
recall from the beginning of Section 2 that we are assuming n > 2 throughout this work.
Consequently, 5 > n2—+”2, and therefore the results of Proposition 3.5 above can be applied
in the setting of the theorem below.

Theorem 3.6. Let h be a smooth function. If g4 € LP(A) and gp € LP(B) with p > 3,
then there exists 0 < a < 1 such that the unique weak solution (¢4, ¢p) € Hap of (SCAL)
satisfies g4 € C*(A) and ¢pp € C*(B). If there exists 0 < 3 < 1 such that ga € CP(A)
and gp € CP(B), then ¢4 € C*(A) N CL(A), ¢pp € C*(B\OA) N CY(B), and (¢4, dp)
satisfies (SCAL) in the classical sense. In either case, the norm estimates on (¢a,¢R)

depend only upon norm estimates for h, ga and gp.
We close this section with the statement of a well known fixed point result [22].

Theorem 3.7. Let X be a Banach space and suppose that T: X — X is a completely
continuous map. If there exists a constant K > 0 such that ||y||x < K whenever 0 < o <1

and y € X such that y = 0T (y), then there exists x € X such that T(z) = x.
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4. Proofs of the Main Results

Since our results have a common flavor, our analysis begins with a structure which can be
applied uniformly. We begin by truncating our vector field and forcing nonnegativity. To
this end, we let ¥ € C§°(R™,[0,1]) and define F,(z) = ¢(z)f,(zT), for ¢ = A, B. Note
that Fj, is Lipschitz. We now create a natural fixed point problem associated with (P).
Define

T: L*(A,R™) x L*(B,R™) — L*(A,R™) x L*(B,R™)

via T'(v,v) = (u, @) where (u,a) is the unique weak solution of

—da,Au; = Fa,(v) €A
—dBiAﬂi = FBl(ﬁ) r€B

(PN) 617-i = U . on 0A
dAiW = dp, ona " 0A
U; = g; on 0B\0A

guaranteed by Proposition 3.5. (Note that (Fa,(v), Fp,(v)) € L>®(A) x L*°(B) for all
(v,0) € L?(A) x L*(B).)

Lemma 4.1. T is a completely continuous map on L?(A) x L*(B). Furthermore, if 0 <
A <1 and (u,a) € L?(A) x L?(B) are such that (u, @) = AT (u, @), then u € C?(A,R™) N
CY(A), u € C?*(B\OA,R™) N CYB), and (u,u) = (u*,a").

Proof: From the definitions of Fy and Fp we know there exists M, > 0 such that
1 Fa, (V) |lco.a, |FB;(0)||oo.5 < My for all (v,0) € L?(A) x L?(B). Consequently, from
Proposition 3.5, T maps all of L?(A) x L?*(B) into a bounded subset of H4p, which is
clearly compactly imbedded in L?(A) x L?*(B). Similarly, the continuity of T' can be easily
obtained from Proposition 3.5 since F4 and Fp are Lipschitz. As a result, T"is a completely
continuous map on L?(A) x L?(B).
Now suppose that 0 < A < 1 and (u, @) € L?(A)x L?(B) is such that (u, @) = \T'(u, @).
Then (u,u) is a weak solution of
—da,Au; = AFy,(u) z€A
—dp,All; = \F, (@) z€B
U; = Us on 0A
AP da, Q% — gy Ol o A

iOna Bi ona
U; = NG; on OB\OA.

Furthermore, from the properties of F)4 and Fp, and the first portion of Theorem 3.6, we

know there exists 0 < a < 1 such that (u,@) € C¥(A,R™) x C*(B,R™). Consequently,

15



if we apply this information to the properties of F4 and Fp, and the second portion
of Theorem 3.6, then we have u € C*(4,R™) N CY(A), u € C*(B\0A,R™) N CYB) and
(u, ) satisfies (APN) in the classical sense. Therefore, if we multiply the partial differential

equation for w; in (APN) by u; and integrate by parts, then we obtain

ou;
(INT4.1) —da, /]Vu ’ dr + dp, / u; Y do >0
0A anB

from the quasi-positivity condition (QP). If we perform a similar calculation with @, then
after rearranging terms, we are lead to

__ Ouy ~ 2
(INT4.2) —dp, —00 —dp, ]Vuz ’ dz > 0.

’8
dB B

If we add (INT4.1) and (INT4.2), then we find

(INT4.3) —dp, / iy g;“ do — da, / \Vu; |*dz — dp, / \Va; |2dz > 0.

9B\0A A B

Note that by hypothesis, we have @, = 0 on 0B\0A. Therefore, we conclude from (INT4.3)
that (u, @) is nonnegative. n
Proof of Theorem 2.1. Define U = Z bida,u;,, W = Z bidp,; and g = Z bidp,gi.

i=1 =1 =1
Then clearly U and W satisfy (SC) with H4 = K4 and Hp = Kp. Consequently, ifn=2

then from Lemma 3.3 we have ||U||q,4, |[W]|l¢,B < C4 for all 1 < ¢ < co. This estimate, in
turn, implies ||ui||q,a, ||TUillq,B < Cq/bi for all 1 < g < oo and ¢ =1,...,m, and we remark
that these estimates are independent of A and the cut-off function ¢. If we now recall
(POLY), then we have a bound for A\F, (u) in every LP space, for g = A, B,i=1,...,m
and 1 < p < co. As a result, if we apply Theorem 3.6, then we obtain C, > 0 independent
of A and ¢ such that ||[u;||eo,4, ||%illce,B < Cso- Therefore, from Theorem 3.7, we have a
fixed point for 7', and hence a solution of (NP). In addition, a sup-norm bound for this
fixed point is obtained independent of the cut-off function. Consequently, by choosing v

appropriately, we can conclude that (P) has a nonnegative solution when n = 2. [

Proof of Theorem 2. 2 We proceed as in the proof of Theorem 2.1. First define
U = ZbdA u;,, W = Zde i, and g = Zde gi- As above, U and W satisfy

=1 i=1
(SC). Consequently, if n — 3 then from Lemma 3. 3 we have ||U||q,a, |W]|l¢,B < Cq for all
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1 < ¢ < 3. This estimate, in turn, implies ||u;||q,4, ||TUillq,8 < Cq/b; for all 1 < g < 3 and
i = 1,...,m, and we remark that these estimates are independent of A and the cut-off
function .

We now employ the intermediate sums condition (QUAD) to improve our estimates.

We proceed inductively. First note that

(INT4.4) /dlyvulyQ +/d31]Vﬂ1]2 < /ulQ(u) +/a1Q(a).

A B A B

From Lemma 3.3, there exists C' > 0 such that

[urll1,a; @], [|Q(w)ll4/5,4, |Q(@)]l4/3,58 < C

In addition, from Sobolev Imbedding there exists a constant K > 0 such that
lutlla,a + aillas < K ([lurlli2,a + [[ll2,5)

and

~ 2 ~
(sl +[xlhas)’ < K(C+ [Vl + [ do Vi)
A B
Combining these inequalities with (INT4.4) yields

(luallrz,a + llaall1,2,8)* < CK*(Jlutll,2,a + @112, +1).

As a result, there exists L > 0 such that

uill1,2,4, U112, < L,

with L independent of A\ and . Now suppose that 1 < k < m and there exists L > 0 such
that ||uil|l1,2,4, [|@i]|1,2,8 < L for all 1 <4 <k, with L given independent of A and . If we

again employ (QUAD), then we obtain

k+1 E+1 E+1 k+1
(INT4.5) /v (Zu) v (Z dAiuz) +/V (Z u) v (Z dBiaz)
i=1 i=1 B i=1 i=1

A
k+1 k+1

< / > uiQ(u) + / S @Q(@).
4=t 5 i=1

Consequently, if we argue similarly as above and apply our induction hypothesis, then we

obtain L > 0 independent of A and v such that ||ur+1]/1,2,4, [|Gk+1]1,2,8 < L. Therefore,
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we can conclude that there exists L > 0 such that ||u;||1,2,4, ||@ill1,2,8 < Lforalll <i <m,
with L given independent of A and .

We can now complete our proof. From the estimates above and trace class imbeddings,
we have ||Ul3,04, ||[W||3,04 < C where C > 0 can be chosen independent of A and .
As a result, Lemma 3.4 implies ||U|q4, [|[W]lq8 < Cq for all 1 < ¢ < oo, and hence
lwillg,a, [|@illq < Cg/bi for all 1 < g < co and i = 1,...,m, with these estimates being
independent of A and the cut-off function ). The proof can now be completed in a manner

similar to that of Theorem 2.1. ]

Proof of Theorem 2.3. We proceed similarly to the proofs of Theorems 2.1 and 2.2, with
adjustments made to accommodate the differences between (BAL) (QUAD) and (BALl)

(QUADI). To this end we first let U = Z bida,u;,, W = Z bidp,t; and g = Z bidp, gi
=1 i=1 i=1
and follow the arguments above to obtain ||u;lqa, ||@illq,p < Cq for all 1 < g < oo

and 1 < i < k, with C, independent of A and the cut-off function ). We then take

m m m

U= > bidau, W= > bdpu; and g = >  b;dp,g; and note that there exists
i=k+1 i=k+1 i=k+1
d > 0 such that
—AU < Py(uy,...,ux) in A
—AWSPl(ﬂl,...,ﬂk) in B
ou _ oW
ona = Ona on 0A
tw<v<aw on 0A
L W = on OB\OA.

Since P; is a polynomial and we have L4 estimates for u;, @; for 1 < i < k, we can employ
the estimates from Section 3 to obtain estimates for U and W dependent upon our L9
estimates for u;, u; for 1 <i < k. If we continue as in the proofs of Theorem 2.1 and 2.2,
then we obtain LP estimates for u;,u; for Kk +1 <i <m and 1 < p < 0o, dependent upon
our earlier estimates for u;, u; for 1 <7 < k, with all estimates independent of A and the

cut-off function . Continuing to follow the proofs above, we obtain our result. ]
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5. Examples

In this section we illustrate the applicability of our results by applying them to two non-

trivial chemical models.

Example 5.1. Perhaps the greatest source of interesting problems in this area is the
modeling of multi-species chemical reactions. For example, let us consider the following,
seemingly simple, reversible reaction in which tin oxide reacts with carbon monoxide to

form form metallic tin and carbon dioxide:
SnOs +2CO = Sn—+ 2C0s.

We assume that this process takes place on a heterogeneous domain in R2? of the type
described in the previous sections. Let wuq,us2,us,us denote the concentrations of SnOo,
CO, Sn, CO, respectively in A, and w1, to, U3, 4 the associated counterparts in B. Then
we might model the reaction diffusion process for this single step chemical process in the

form of the system (P). In this case we have

1
2
fa(z) = 1 (kArz?,zi — kAlezg)
-2
and
1
2 2 2
fe(z) = 1 (k3r23z4 - kazle) ,
-2

where k¢, kg are forward, reverse effective rates, respectively, for ¢ = A, B. Here the
terms kg, kgr are assumed to be smooth, bounded, nonnegative, and possible dependent
upon z. Close examination of the vector fields above show that (QP) and (POLY) are
clearly satisfied. Furthermore, (BAL) holds with K, = 0 for ¢ = A, B, and

[b17b27b37b4] = [17 17 17 1]

Consequently, we can conclude from Theorem 2.1 that (P) has a componentwise nonneg-
ative classical solution.

Of course, from the comments in Section 1 this should be no surprise. As stated in
that section, all single step reversible chemical processes satisfy (BAL). In addition, it is
easy to show that (QP) and (POLY) are satisfied by these systems [8].
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Example 5.2. In this example we demonstrate the applicability of our results by consid-
ering a somewhat more complex chemical process. More specifically, we consider the inter-
actions of the chemical concentrations of the minimal chlorite-iodite reaction. A somewhat
simplified version of this model was considered by Ouyang, Castets, Boissonade, Roux and
DeKepper [16]. There the researchers considered the one-dimensional Couette reactor in
which chemical concentrations of the minimal chlorite-iodite reaction are fed at both ends
of the reactor. The authors employed a simplifying assumption to reduce the complexity
of the model equations. A number of spatial patterns were found experimentally, and
Ouyang, et al, ran numerical tests on the model to reinforce their findings. The chemical

process is described by the following set of reactions steps:

H* 4+ ClO; +1° — HOCI + HOI
H* + HOI+ 1~ = I +H20
ClO; +HOI +H'* — HIO; + HOCI
HOCI+1~ — HOI+Cl™
HIO; + 1~ + HT = 2HOI
2HIO, — HOI+105 +HT
HIO; + HOI — I~ +105 +H'
HIO, + HOCl — 1035 + Cl~ 4+ 2H™.

If no simplifying assumptions are made, and the laws of mass action kinetics are employed,
then these reaction steps lead to a ten-component reaction-diffusion model. We consider
the scenario in which we have a reaction diffusion process taking place on a smooth bounded
region Q of N3 which decomposes similarly to the one given in Section 1. Consideration

of the associated steady state problem can lead to a system of the form (P) with fa, fB

described through the following mechanism. First, we denote u; = [ClO5 ], ug = [Cl7],
us = [Ii], Uy = [HOCI], Uy = [HOI], Ug = [IQ], U7 = [HQO], ug = [HIOQ], ug = [IO;] and
u1o = [H*] in A, with corresponding assignments for @1, ..., @10 in B. We then denote the

reaction rates by

Ri(2) = —ki1z123210, Ra(2) = k_22627 — kaz325210, R3(2) = —k3zz125210,
R4(Z) = —k42324, R5(Z) = k,5Z§ — ]ﬂ52328210, R@(Z) = —k(;zg,
R7(Z) = —k72528, and Rg(z) = —k82428,
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and make analogous assignments for f{z(z) with the only changes being the use of Ej,E, -
Here we assume each kj, k_j, Ej,E, j is nonnegative, bounded, and possibly smoothly
dependent upon z. Using standard terminology, we refer to k;, k_;, Ej, E,j as forward and
reverse effective rates for the j*" reaction step in the regions A and B. We then define the

stoichiometric matrix

|
|
RO OoORrROROO

_— OO OO MF O
[
|
OO O OO M=M= O

R OO R, R PR ORFR OO

O, OO FMFEOO -

|
_— O, OO NO kOO
|
_ N OOk OO OO
N —m kOO Ok OO

[
NI
|

Then fa(z) = NR(z) and fp(z) = NR(2), where R(z) = (Ri(z)) and R(z) = (Ri(2)) are
vector valued functions. It is a simple matter to check that (QP) and (POLY) are satisfied.
Also, if we denote Ny to be the 9 x 8 matrix obtained by deleting the tenth row from N, then
it is easy to see that (1,1,...,1)" € ker(NJ). In addition, f,,,(z) < Pi(z4, s, 26, 27, %)
for ¢ = A, B, where P; is a quadratic polynomial. As a result, (BAL1) is satisfied with
bi=1foralli=1,...,m, K, =0, k=9 and P, as above. Finally, if we define

10 000 0 0O0O0O0
0100 O0O0O0OO0OO0OO
0 01 00 0 O0O0O0O
1001 00 0O0O0O0
A_OOZOlOOOOO
00100 1O0O0O0O0]}’
0 01 00 01 0O0O0
1000 0 00100
0 000 0 O0O0O0OT1FO0
0 000 0 O0O0O0O01

then it is a simple matter to check (QUADI1). As a result, we can apply Theorem 2.3 to

guarantee the existence of a nonnegative solution to (P).
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Figure 1.
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