MATH 3411 Sample Problems for Test 1 with Solutions

1. A 100 gallon tank is initially full of pure water. Starting at time ¢ = 0, salt water with a salt concentration
of 1/10 kg/gallon flows into the tank at a rate of 5 gallons/minute. The fluid in the tank is kept well-
mixed and flows out at the same rate. (a) Set up the initial-value problem for the amount A(t) of salt
in the tank at time ¢ minutes, and (b) solve for A(t).
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2. Consider the same scenario as in problem 1, ezcept the fluid in the tank flows out at a rate of 10
gallons/minute. (a) Set up the initial-value problem for the amount A(¢) of salt in the tank for 0 < ¢ < 20
minutes, and (b) solve for A(t). (Hint: The volume will be V' = 100 — 5t¢.)
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3. Solve the initial-value problem
y' =3t2y% y(0)=1/8,

and state the maximal domain of the solution.
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y(0)=1/8 = C=8 = y:m for —oco <t <2.
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4. Use an integrating factor to find the general solution of 3y’ + ———y =
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5. Write down, by inspection, the general solution of each differential equation:
a) Yy +3y=0 b) ¥ —2y=6 c) y' + 3t%y = 6t2
y:Ce—t/2 y=Ce%—3 y:Ce—t3+2

6. Find a solution of the equation 33" + 2(y')? = 0 in the form t*, where a # 0.
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yy” +2(y)? =ta(a—1)t*2 +2(ath)?

— (0% — a) 12972 § 2424202
= (3a® — a)t?* 2

=a(3a— 1)t 2

=0 ifa=0o0ra=1/3

y = (173
7. Given that u = cos3t and v = sin 3t are solutions of 3’ + 9y = 0 and that w = e™*

solution of ¢’ + 9y = 10e™¢, find the solution of the initial-value problem

y" 4+ 9y =10e", y(0) =1, y'(0) = 0.
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8. A wood artifact contains 30% as much '#C as it did when the material was living. Given that the
half-life of 1*C is 5700 years, how old is the artifact?
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9. A can of soda is taken from the refrigerator with a temperature of 3° C. The temperature of the room
is 23° C. If the temperature of the can of soda has risen to 8° C after 10 minutes, what will be its
temperature after 30 minutes?

T = k(T —23), T(0)=3
T(t)=23+Ce * T0O)=3 = C=-20
T(t) =23 —20e*
T(10) =8 — e 1% =15/20=3/4 — k= —0.11n(3/4) ~ 0.0288
T(t) =23 —20e 0%
T(3) = 23 — 20 0288030) ~ 14 6°

10. An object with mass %kg is dropped from a height of 250 m and hits the ground 15s later. (a) Find
the object’s linear drag coefficient k. (b) With what velocity does it hit the ground?

1 1
§U/+k’0:7§(9.8), U(O):O

v +2kv=-98, v(0)=0

= v=Ce 2 _ 4.9

k

4.9 4.

U(O):O:C:?:U: (e72F — 1)
4.9 1
- Yy = ? <—2k6_2kt —t> +C

4.9 1 4.9
y(0) =250 = 250—? (—%—O> +C = 0_250+ﬁ

49 (1 o 4.9
s y= [ ekt ) o504 o
Y= <2ke ) el oE

y(15) =0 = —— (1

4.9
—30k

1 2 pum
A + 5>+ 50 + 0

2k?

= k=~ 0.256 (from calculator solver)



