1184. Proposed by Arthur L. Holshouser, Charlotte, NC and Benjamin G.
Klein, Davidson College, Davidson, NC

Suppose that (S,®1) is a group with identity e;. For s, arbitrary but fixed
in S, define a binary operator on S by a ®2 b = a ®; s~ ®; b where a and b
are elements of S and, for z in S, 27! is the inverse of z in the group (S, ®1).
(a) Show that (S,®2) is a group and that (S, ®2) is isomorphic to the group
(S,©1). (b) Express a ®1 b in terms of operations in the group (S, ®2).

Solution by the Armstrong Problem Solvers, Armstrong Atlantic State
University, Savannah, GA.

(a) Since (S, ®1) is a group, S is closed under the operation ®1, and hence
S is also closed under ®s. If a, b, and ¢ are in S, then
(a®2b)@oc = (415 @10) @15 1 O1c = a®15 7 O1 (bO15 O1¢) = a®2 (bO2c)

and (9 is associative.

IfaeS thena®es=a®; s ' O1s=aand s®a =501 5 O a =a,
so s is an identity element for (S, ®3). In addition, s ®; a~! ®; s is an inverse
for a in (S, ®2) since

a®2(50 a7 ®8) = a0 s O1s01a O
a ®q at ©1 8

- S

and
(s @1 at oy $)O2a = $O alO1s0s o0
s ®1 a”! ®1a

- S

so (S, ®2) is a group.
Define a function ¢ : (S,®1) — (5, ®2) by ¢(x) = x ©1 s. Then, for any two
elements a and b in S,
Pla) ©20(b) = (a®15)O2 (b1 s)
= a®18O 8_1 O1b®1 s
(a®1b) @1 s
¢(a ®1 b)a
so that ¢ is a homomorphism. If ¢(a) = ¢(b), then a ®1 8 = b 31 s, s0 a ®1
s s t=b®1so;s and a = b, so ¢ is injective. If b € S, then ¢(b Oy
5*1) =b®1 5 ' ®1 5 =0, s0 ¢ is surjective. Thus, ¢ is an isomorphism and
(S,®2) = (S,©1).
(b) If s% denotes s @1 s, then a ®1 b = a ®y 52 ®2 b since
aG282 @b = (a®15 ' O18%)G2b
= (a @1 S) @2 b
= 4G 5015 "O1b
= a®1b
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