
MH 230, A Plane Slice. What shape must be removed from the plane in
order that the sculpture can rotate freely?

Solution by the Armstrong Problem Solvers, Armstrong Atlantic State
University, Savannah, GA.

If r 6= |a|, then the shape must be a hyperbola; if r = |a|, then it is a pair of
intersecting lines.

Parametric equations for the inclined rod are given by x = r cos θ − t sin θ,
y = r sin θ + t cos θ, and z = t tanα. The plane y = a 6= 0 intersects the rod
where r sin θ + t cos θ = a, or t = a sec θ − r tan θ. Substituting for t gives

x = r cos θ − a tan θ + r sin θ tan θ = r sec θ − a tan θ

and z = tan α(a sec θ − r tan θ). We compute

x2 − z2

tan2 α
= (r2 − a2) sec2 θ − (r2 − a2) tan2 θ

= (r2 − a2)(sec2 θ − tan2 θ)
= r2 − a2.

If r > |a|, then the curve removed will be both branches of a hyperbola
opening horizontally, along with a horizontal slit of length 2

√
r2 − a2 to accom-

modate the horizontal bar. If r < |a|, then the curve removed will be both
branches of a hyperbola opening vertically. If r = |a|, then we must remove two
lines with equations z = ±x tanα.
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