CMJ 886. Proposed by Arpdd Bényi, Western Washington University, Belling-
ham, WA.
Call a function f good if f(2908)(z) = —x for all € R, where f(°°%) denotes
the function f composed with itself 2008 times. Prove the following:

(a) Every good function is bijective, odd, and non-monotonic.

(b) If f is good and xg # 0, there exist infinitely many 5-tuples (p1, p2, p3, P4, P5)
of distinct positive integers whose sum is a multiple of 5 and for which, with
gi == fP)(20), qu # qi for i =2,3,4,5, and ¢; # g;11 for i =2,3,4.

Solution by the Armstrong Problem Solvers, Armstrong Atlantic State

University, Savannah, GA.
(a) Let f be a good function. If z and y are real numbers and f(z) = f(y),
then taking f(2907) of both sides gives —z = —y and = y, so f is injective. If
y € R, then let 2 = f097) (—y), so f(z) = f098)(—y) =y, and f is surjective,
and hence, bijective.

To see that f is odd, note that f(f(20%)(z)) = f209%)(f(x)), so that
f(=x) = —f(z) for all real numbers z.

We prove by induction that if f is monotonic, then f(") is increasing for
all positive integers n. For the base case n = 1, let a < b be real numbers. If
f is increasing, then f(a) < f(b) and f®(a) < f@(b), so f? is increasing.
If f is decreasing, then f(a) > f(b) and f®(a) < f®(b), so again, f? is
increasing. For the inductive step, suppose that if f is monotone, then (™ is
increasing. Let a and b be real numbers. Since f(*™ is increasing, f(™(a) <
f@™M (). If f is increasing, then fC"*D(a) < fEHD(b) and P2 (a) <
fEE2) (b)), so fR0HD) is increasing. If f is decreasing, then f(?"*1(aq) >
f@D(b) and P2 (a) < FCH2)(b), so again, (1) is increasing. Thus,
if f were monotonic, then f((1004)(z) = f(2008)(3) — 2 would be increasing,
which is a contradiction.

(b) We claim that if n is any positive integer, then (n,n+1,n+2,n+4,n+8)
is such a 5-tuple. If ¢; = q; for i = 2, 3, 4, or 5, then f®)(xq) = fP1)(z0), so
f("+21_2)(x0) = f(")(xq). Since f is bijective, we can take f(=™ of both sides
so that f(T_Q)(xO) = 20, where 272 is a divisor of 2008 for i = 2, 3, 4, and 5.

Thus, (%% (z0) = 29 = —0, s0 o = 0, which is a contradiction. Similarly, if
Qi1 = q; fori = 2, 3, or 4, then fPi+1) (o) = fPi)(x4), and fPi+17Pi(z0) = 2.
Since piy1—p; = 1, 2, or 4, this once again implies that f(2908) () = o = —x,

and zo = 0. Finally, notice that Z?Zl p; = 5(n + 3), a multiple of 5.
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