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The purpose of this note is to provide an overview of Rational Reciprocity (and in particular, of Scholz’s
reciprocity law) for the non-number theorist. In the first part, we will describe the background in number
theory that will be necessary for a complete understanding of the material to be discussed in the second
part. The second part focuses on a proof of Scholz’s reciprocity law using the splitting of minimal
polynomials and considers ways in which this law can be extended.

1. Algebraic Number Fields

Here, we focus on the necessary aspects of number theory that will be used throughout the remainder
of this note. By an algebraic number field K, we mean a finite dimensional extension of Q. If K and
L are two algebraic number fields satisfying K ⊆ L, then L can be viewed as a K-vector space and
we denote its dimension by [L : K]. By the Primitive Element Theorem, there exists a ∈ L such that
L = K(a). The element a is algebraic over K (it is the root of a nonzero polynomial in K[x] - see
Theorem 4.1 of Jacobson [J]). There exists a unique monic irreducible polynomial in K[x] with a as a
root. This polynomial is referred to as the minimal polynomial of a over K and its degree is equal to the
dimension of L over K. The Galois group Gal(L/K) is defined to be the group of all automorphisms
of L that fix K.

Now we define an important subring of an algebraic number field. Such a subring will mimic the
role that Z plays as a subring of Q. An element b ∈ K is called an algebraic integer if it is the root of a
monic polynomial in Z[x]. The set of all algebraic integers in K form a ring, called the ring of integers
in K, that is denoted by OK . If L/K is an extension of algebraic number fields, then OL ∩K = OK .

1.1. Quadratic Fields. Consider the quadratic field Q(
√

d) where d 6= 0 is a square-free integer. It
is a simple exercise (see Proposition 13.1.1 of [IR]) to show that

OQ(
√

d) =

{
Z

[
−1+

√
d

2

]
if d ≡ 1(mod 4)

Z[
√

d] if d ≡ 2, 3(mod 4).

Furthermore, the units of Q(
√

d) are given by

O×Q(
√

d)
=





{±1} if d < −3 or d = −2
{±1,±i} if d = −1
{±1,±ζ3,±ζ2

3} if d = −3
{±εm

d | m ∈ Z, some unit εd > 1} if d > 0

(see Propositions 13.1.5 and 13.1.6 of [IR]). In the last case, where Q(
√

d) is a “real” number field, the
group of units has infinite order and εd is called the fundamental unit of Q(

√
d).

1Research partially supported by AASU Internal Grant #727188.

1



2

1.2. Ramification Theory. Ramification theory was introduced by David Hilbert (see [H], [Ja], and
[N]) and was utilized in his work to find the “most general reciprocity law in an arbitrary algebraic
number field” (see [T]). For the purposes of this note, we will only consider ramification theory as it
pertains to algebraic number fields. Let L/K be an extension of algebraic number fields (assume all
extensions are Galois, as this is the case we will need) and let OL and OK be the respective rings of
integers. Then if p is a nonzero prime ideal of OK , the ideal pOL has the factorization (see Theorem
6.8 of [Ja], Chapter 1, Section 6)

pOL = (P1P2 · · ·Pg)e

for distinct prime ideals Pi of OL and there is a constant

f = [OL/Pi : OK/p]

that is independent of i. Furthermore,

efg = [L : K]

and the action of Gal(L/K) permutes the ideals Pi of OL containing p. Here, e is called the ramification
degree of Pi over p and f is called the residue degree of Pi over p. Now if P is a nonzero prime ideal
of OL and p = OK ∩P, then we say that P is ramified over OK (or p ramifies in OL) if e > 1. If e = 1,
then P is called unramified.

Example 1. Consider the quadratic field Q(i). In lifting a prime p ∈ Z to the ring of integers
Z[i] ⊂ Q(i), one of three things can occur. It is possible that the ideal pZ[i] is a prime ideal in Z[i].
This is the inert case. It is also possible that pZ[i] = pq where p and q are distinct prime ideals in Z[i].
Here, we say that p splits in Z[i]. Finally, p may ramify: pZ[i] = p2. The only prime that ramifies in
Z[i] is 2 since 2Z[i] = ((i + 1)Z[i])2. We leave it as an exercise to prove that p splits if p ≡ 1(mod 4)
and is inert if p ≡ 3(mod 4). This result should be compared to the supplementary law to the law of
quadratic reciprocity (the Legendre symbol is defined below):

(1)
(−1

p

)
=

{
1 if p ≡ 1(mod 4)

−1 if p ≡ 3(mod 4).

Thus,
(
−1
p

)
= 1 if and only if p splits in Q(

√−1).

In general, a similar result holds in Q(
√

a) for the Legendre symbol: if a ∈ Z and p is a rational
prime such that (a, p) = 1, then

(
a

p

)
:=

{
1 if x2 ≡ a(mod p) has a solution

−1 otherwise.

The following theorem follows from Proposition 2.1 of [Le2].

Theorem 2. (
a

p

)
=

{
1 if p splits in Q(

√
a)

−1 if p is inert in Q(
√

a).

In an extension of algebraic number fields L/K, it is known that there are only finitely-many primes
that ramify. This result is obtained by considering the discriminant of a number field and is beyond the
scope of this note. The final result that we will state in this section is due to Kummer (cf. Theorem
7.4, [Ja], Chapter 1, Section 7).
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Kummer’s Theorem Let p be a prime ideal in OK and assume that there is an element θ ∈ L such
that OL = OK [θ]. Let f(x) be the minimal polynomial of θ over K and let f(x) be the polynomial
obtained by reducing the coefficients of f(x) modulo p. If

f(x) = g1(x)a1g2(x)a2 · · · gt(x)at

is the factorization of f(x) into a product of distinct irreducible polynomials over OK/p, then

pOL = Pa1
1 Pa2

2 · · ·Pat
t

for certain prime ideals Pi of OL corresponding one-to-one with the irreducible factors gi(x). Moreover,
the residue degree f of Pi corresponds to the degree of gi(x).

1.3. Cyclotomic Fields. A cyclotomic field is a field of the form Q(ζn) (we assume n ≥ 3), where

ζn = cos(2π/n) + i sin(2π/n)

is a primitive nth root of unity. We begin with the special case where n = p is prime. The minimal
polynomial of ζp over Q is

(2) Φp(x) =
xp − 1
x− 1

= xp−1 + xp−2 + · · ·+ x + 1,

which is irreducible in Z[x] (Theorem 1 from [IR], Chapter 13, Section 2). Since the roots of Φp(x) are
the primitive pth roots of unity ζj

p where j ∈ {1, 2, . . . , p− 1}, we can write

(3) Φp(x) =
p−1∏

j=1

(x− ζj
p) ∈ Q(ζp)[x].

The cyclotomic polynomial Φn(x) is defined recursively (Proposition 13.2.2 of [IR]) by the equation

xn − 1 =
∏

d|n
Φd(x)

and is the minimal polynomial of ζn over Q.

In general, the ring of integers of an algebraic number field Q(α) will not be Z[α]. However, in the
special case of Q(ζn), we do have that OQ(ζn) = Z[ζn] (Theorem 2.6 of [W]). Regarding the ramification
of primes in Q(ζn) over Q, we have the following theorem (Proposition 2.3 of [W]).

Theorem 3. p ramifies in Q(ζn) if and only if p|n.

The Galois group of the extension Q(ζn) over Q (the group of automorphisms of Q(ζn) that fix Q)
is given by

Gal(Q(ζn)/Q) ∼=
{
σk | k ∈ (Z/nZ)×

}
,

where σk(ζn) = ζk
n ([IR], Proposition 13.2.1 and the corollaries of Theorem 1 in Chapter 13, Sec-

tion 2). Under the Fundamental Theorem of Galois Theory, there is is correspondence between sub-
groups Gal(Q(ζn)/Q) and intermediate fields of the extension ([J], Section 4.5). In the special case
Gal(Q(ζp)/Q), the Galois group is cyclic and hence has a unique subgroup of any order that divides

|Gal(Q(ζp)/Q)| = |(Z/pZ)×| = p− 1.
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Assuming that p ≥ 3, we see that 2|(p − 1), and hence, there is a unique quadratic subfield of
Q(ζp). Plugging x = 1 into (2) and (3), we see that

p = (1− ζ)(1− ζ2) · · · (1− ζp−1)

= ((1− ζ2)(1− ζ−2))((1− ζ4)(1− ζ−4)) · · · ((1− ζp−1)(1− ζ−(p−1)))

= (2− ζ2 − ζ−2)(2− ζ4 − ζ−4) · · · (2− ζp−1 − ζ−(p−1))

= (−1)(p−1)/2

(p−1)/2∏

j=1

(ζj − ζ−j)2.

Thus, it follows that if p∗ = (−1)(p−1)/2p, then Q(
√

p∗) is contained in Q(ζp) and p = p∗ if and only if
p ≡ 1(mod 4).

2. Reciprocity

Looking back at the development of algebraic number theory over the last few centuries, reciprocity
has influenced the subject more than any other single topic. First observed independently by Euler and
Legendre, the Law of Quadratic Reciprocity demanded a generalization that was sought by number
theorists until the 1930s. The Law of Quadratic Reciprocity itself has been proved by more than 300
methods and many of the techniques used have provided the discipline with new tools and at times,
completely new theories. To begin, we state the Law of Quadratic Reciprocity.

Law of Quadratic Reciprocity If p and q are distinct rational primes, then(
p

q

)(
q

p

)
= (−1)

(p−1)(q−1)
4 .

The law of quadratic reciprocity saw generalizations by individuals such as Eisenstein, Hasse, Hilbert,
Takagi, Artin, and Tate. These laws are not the focus of this brief survey and the interested reader is
referred to the comprehensive text [Le2], as well as its upcoming volumes 2 and 3 (part of the draft of vol-
ume 2 is currently available on Lemmermeyer’s webpage http://www.rzuser.uni-heidelberg.de/ hb3/).
The emphasis here will be on a certain class of reciprocity laws known as rational reciprocity laws.

2.1. Rational Reciprocity. The main difference between a reciprocity law and a rational reciprocity
law is that rational reciprocity refers to residue symbols that are defined on integers and only take on
the values ±1. To begin, we define the rational power residue symbol

(
a
p

)
n
, where (a, p) = 1, to be 1

if a is an nth power residue of p and −1 otherwise. In particular, if an integer a such that (a, p) = 1
satisfies

a
p−1

n ≡ 1(mod p)

for a rational prime p and a nonnegative integer n, then define the rational symbol(
a

p

)

2n

≡ a
p−1
2n (mod p).

This symbol takes on the same value as
(

a
p

)
Q(ζ2n)

, the 2nth power residue symbol where p is any prime

above p in Q(ζ2n). It should be noted that the Legendre symbol is equivalent to the rational power
residue symbol when n = 1.
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In 1934, Scholz [S] proved a rational quartic reciprocity law via class field theory. While the law still
bears Scholz’s name, it was recently noted by Lemmermeyer (see the notes at the end of Chapter 5 in
[Le2]) that it had been proved much earlier in 1839 by Schönemann [Sc]. Since then, Scholz’s reciprocity
law has been proved by many different methods (see [EP], [L1], [Wi], and [WHF]). The unfamiliar reader
is referred to Emma Lehmer’s expository article [L2] for a complete description of rational reciprocity
laws and [WHF] or [Le1] for a proof of an all-encompassing rational quartic reciprocity law.

Scholz’s Reciprocity Law If p ≡ q ≡ 1(mod 4) are distinct primes such that
(

p
q

)
=

(
q
p

)
= 1, then

(
p

q

)

4

(
q

p

)

4

=
(

εp

q

)
=

(
εq

p

)
.

Before we prove Scholz’s reciprocity law, we begin with a description of the unique quadratic and
quartic subfields of Q(ζp) when p ≡ 1(mod 4). We saw in Section 1.3 that the quadratic subfield is
given by K = Q(

√
p). Perhaps less well-known, the quartic subfield is given by

L = Q
(√

εp(−1)(p−1)/4
√

p

)
= K

(√
εp(−1)(p−1)/4

√
p

)

(see Proposition 5.9, [Le2]). Now we give the proof of Scholz’s reciprocity law that will be generalized
in [BEK].

Proof. We proceed in a manner similar to the proof of quadratic reciprocity that was given by Lemmer-
meyer [Le2] after Proposition 3.4 on page 83. One can easily check that if σk ∈ Gal(Q(ζp)/Q) (where
σk(ζp) = ζk

p ), then

σk(
√

p) =
(

k

p

)√
p,

implying that

Gal(Q(ζp)/K) ∼=
{

σk

∣∣∣∣
(

k

p

)
= 1

}
.

Similarly, it can also be shown that

Gal(Q(ζp)/L) ∼=
{

σk

∣∣∣∣
(

k

p

)

4

= 1
}

.

Thus, the Galois group Gal(L/K) consists of the identity automorphism and an automorphism α = σk|L
where k is a quadratic residue of p that is not a quartic residue.

From these Galois groups, one sees that the cyclotomic polynomial Φp(x) splits over K as

Φp(x) = ϕp(x)ϕ̃p(x)

where

ϕp(x) =
∏

( j
p )=1

(x− ζj
p) and ϕ̃p(x) =

∏

( k
p )=−1

(x− ζk
p ).

Since Φp(x) splits into linear factors in Z[ζp][x], it follows that

ϕp(x), ϕ̃p(x) ∈ Z[ζp][x] ∩K[x] = OK [x] = Z
[−1 +

√
p

2

]
[x].

The polynomial ϕp(x) can then be factored over L:

ϕp(x) = ψp(x)ψ̃p(x) ∈ OL[x]
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where

ψp(x) =
∏

(m
p )

4
=1

(x− ζm
p ) and ψ̃p(x) =

∏

(n
p )

4
=−1

(x− ζn
p ).

To simplify notation in what follows, we will denote

πp = εp(−1)(p−1)/4√p

so that L = Q(√πp) (and hence, L = K(√πp)) and α sends

(4)
√

πp 7→ −√πp.

Considering the action of α on the polynomial ϕp(x) = ψp(x)ψ̃p(x), we see that α interchanges ψp(x)
and ψ̃p(x).

Define the polynomial ϑp(x) = ψp(x)− ψ̃p(x) and note that

α(ϑp(x)) = −ϑp(x).

Using (4), it follows that

α
(√

πp ϑp(x)
)

=
√

πp ϑp(x),

proving that

(5) ϑp(x) ∈ √πp Z
[−1 +

√
p

2

]
[x].

We will write ϑp(x) = √
πp φp(x) with φp(x) ∈ Z

[−1+
√

p

2

]
[x].

Since
(

p
q

)
= 1, q splits in K. In other words, we can write q = λ · β(λ), where β is the nontrivial

automorphism in Gal(K/Q) given by
√

p 7→ −√p. The residue field OK/λOK
∼= Z/qZ. Now we raise

ϑp(x) to the power q and reduce modulo λOK . Since we are also assuming that
(

q
p

)
= 1, we can use

the fact that
(

q
p

)
4

= ±1.

(ϑp(x))q ≡ (ψp(x)− ψ̃p(x))q

≡
∏

(m
p )

4
=1

(xq − ζmq
p )−

∏

(n
p )

4
=−1

(xq − ζnq
p )

≡
(

q

p

)

4

(ψp(xq)− ψ̃p(xq)) (mod λOK).(6)

The automorphism σq ∈ Gal(Q(ζp)/Q) is in Gal(Q(ζp)/K) and its restriction to Gal(L/K) is α if and

only if
(

q
p

)
4

= −1. On the other hand, we can apply (5) to find

(ϑp(x))q ≡ √
πp

q(φp(x))q

≡ (ε2
pp)

q−1
4

(√
πp

)
(φp(x))q (mod λOK).
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Applying an analog of Fermat’s Little Theorem (Proposition 9.3.1 of [IR]) to the coefficients of (φp(x))q(mod λOK),
it follows that

(ϑp(x))q ≡ (ε2
pp)

q−1
4

(√
πp

)
φp(xq)

≡
(

ε2
pp

q

)

4

ϑp(xq)

≡
(

ε2
pp

q

)

4

(ψp(xq)− ψ̃p(xq)) (mod λOK).(7)

Next, we show that

ψp(X) 6≡ ψ̃p(X)(mod λOK).

By Kummer’s Theorem ([Ja], Theorem 7.4), the ideal generated by q in Z[ζp] (which is unramified since
p is the only ramified prime) decomposes in exactly the same way as Φp(X) decomposes in (Z/qZ)[X].
If

ϕp(X) ≡ (ψp(X))2(mod λOK),

then we can pick {0, 1, . . . q− 1} as coset representatives of OK/λOK
∼= Z/qZ to obtain a square factor

of Φp(X) in (Z/qZ)[X], contradicting the observation that q does not ramify in Z[ζp].

Finally, comparing (6) and (7) we obtain
(

q

p

)

4

=

(
ε2
p

q

)

4

(
p

q

)

4

=
(

εp

q

)(
p

q

)

4

.

By symmetry, the statement of Scholz’s reciprocity law follows. ¤

2.2. Generalizing Scholz’s Law. In [BW1], Buell and Williams conjectured, and in [BW2] they
proved, an octic reciprocity law of Scholz type which we refer to below as Scholz’s octic reciprocity law.
While this law does not receive as much attention as Scholz’s original law, it does provide insight into
the potential formulation of a general rational reciprocity law of this type.

Scholz’s Octic Reciprocity Law Let p ≡ 1(mod 8) and q ≡ 1(mod 8) be distinct rational primes
such that

(
p
q

)
4

=
(

q
p

)
4

= 1. Then

(
p

q

)

8

(
q

p

)

8

=





(
εp

q

)
4

(
εq

p

)
4

if N(εpq) = −1

(−1)h(pq)/4
(

εp

q

)
4

(
εq

p

)
4

if N(εpq) = 1.

Buell and Williams’ law provides a beautiful rational octic reciprocity law involving the fundamental
units of quadratic fields, but it loses some of the simplicity of the statement of Scholz’s law. It seems
more natural to use units from the unique quartic subfield of Q(ζp) when constructing such an octic
law. This was our motivation in the formulation of the following rational reciprocity law similar to that
of Scholz (upcoming in [BEK]).

Theorem 4. Let p ≡ 1(mod 2t) and q be distinct odd rational primes such that
(

p

q

)

2t−1

=
(

q

p

)

2t−1

=
(

2
p

)

2t−2

= 1,
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and set

At =
{

1 ≤ a ≤ p− 1
2

∣∣∣∣
(

a

p

)

2t−1

= 1
}

and Bt =
{

1 ≤ b ≤ p− 1
2

∣∣∣∣
(

b

p

)

2t−1

= −1
}

.

Then (
p

q

)

2t

(
q

p

)

2t

=
(

β2t

q

)

2t−1

where

β2t =
t∏

k=2

η2t−2

2k and η2t :=

∏
b∈At−1∩Bt

(
ζb
2p − ζ−b

2p

)

∏
a∈At

(
ζa
2p − ζ−a

2p

) ∈ O×K2t−1
.

The proof of Theorem 4 is similar to the proof of Scholz’s reciprocity law that was given up above.
However, one needs to consider the intermediate subfields of degrees 2t−1 and 2t (K2t−1 and K2t ,
respectively) of Q(ζp) over Q. It can be shown that η2t is a unit in the ring of integers of K2t−1 , similar
to Scholz’s law where εp was a unit in the quadratic extension. It is not immediately clear that Theorem
4 contains Scholz’s reciprocity law as a corollary (when t = 2). This realization follows from Proposition
3.24 of [Le2] where it is shown that η4 = εh

p for an odd integer h (the class number of Q(
√

p)). Hence,
we have that (

η4

q

)
=

(
εh

p

q

)
=

(
εp

q

)
,

resulting in the statement of Scholz’s law. Finally, it should be noted that the octic version (t = 3) of
Theorem 4 is different from that of Buell and Williams and we leave it to the reader to compare the
two laws.
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