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1. CLASSICAL AUTOMORPHIC FORMS

Let H denote the Poincaré upper-half plane:
H={z+iyeC|y>0}

Then the group SLo(R) acts on C by linear fractional transformation. Ie., if ¢ € SLo(R) and 2z € H,

(¢ b Z_az+b
9=\ ¢ d T ez4d

An important subgroup of SLy(R) on which we will focus our attention is the group I' = SLy(Z).

then the action of g on z is given by

If £ is an even nonnegative integer, then a modular form of weight k for T is a holomorphic function
f+ H — C that satisfies the equation

flg2) = (cz + d)* f(2)
for all g € T and z € H and which is holomorphic at oo (see [Bm], §1.3 or [S1], Chap. VII, §2). Note
that since ( L1

1
Fourier expansion:

) €I, we have f(z 4+ 1) = f(z) for all z € H. Therefore, any such function f has a

f(Z): i ane27rinz.

n=—oo
If a, = 0 for n < 0, then we say that f is holomorphic at co. If f is holomorphic at co and ag = 0,

then f is called a cusp form.

In 1952, Gelfand and Fomin [GF] noted a relationship between modular forms and representations
of SLy(R). This came about through the realization that the stabilizer of ¢ € H is the group

s -{( )

leading to the identification of H with SLy(R)/SO2(R). If f is a modular form of weight &k for T', it
defines a function ¢; on SLo(R) by

o5(g) = (cz+d)Ff (Zjig) where g = ( Z Z ) € SLy(R).

a,b € R and aQ—|—b2:1}

One particular property (among many) of such functions is that

¢5(v9) = ¢(g), Vyel
so that ¢ can be thought of as living in L?(SL2(R)/SL2(Z)). These functions arise in the representation
spaces of SLa(R) (see [Ge] for details).
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This realization led to a more general definition of an automorphic form over GLy and later over
GL, (see [Mu] for definitions). Metaplectic forms were also defined (see [KP]) as being automorphic
forms defined on topological covering groups of GL,. Such groups are called metaplectic groups and are

the focus of this exposition.

2. LocAL FIELDS

Throughout, let F denote a nonarchimedean local field containing j,, the complete group of n'"
roots of unity. Once and for all, we fix an identification € : y,, < C* into the group of n'” roots of
unity in C. With respect to a normalized valuation v : F — Z U {00} (satisfying v(zy) = v(z) + v(y)
and v(0) = c0), define the following sets

O={xze€F|v(x) >0} (ring of integers in IF),
p={zx€F|v(x)>0} (unique maximal ideal in O),
=0

O* ={zeF|v(x) =0} (unitsin O).

If f is the residue degree defined using the degree of the residue field # (O/p) = p/ = ¢, then the

absolute value on F is given by |z|p = ¢ V().

A well-known result of class field theory (see [W], Chap. VIII, §5) is the existence and uniqueness
of the n'" order local Hilbert symbol

('a')F:FX x F* — HUn

satisfying
(aad’,b)r = (a,b)p (a’,b)r, Va,a’,beF*,
(a,b)F (b,a)r =1, Va,beF*,
(a,—a)p=1=(a,1 —a)p, Ya€eF* a+#1, and
{reF* | (z,y)r=1, Vy e F*} =F*",

where

F*" :={z € F* | x = y", for some y € F*}.

For our purposes, we assume that the Hilbert symbol is unramified (ie., (z,y)r = 1 for all z,y € O*).

This is equivalent to assuming |n|p = 1.

Hilbert’s Reciprocity Law (see [BH], Theorem 1.2) Let K be a global field, v any place of K, and
K, the corresponding completion. If (-, )k, denotes the local Hilbert symbol and a,b € K*, then

[T(ab)x, =1.
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3. METAPLECTIC GROUPS

Although one can define a metaplectic cover of GL,(FF), for simplicity, we will focus on the case of
G = GLy(F). The n-fold (0-twisted) metaplectic group G = GL, (F) is a nontrivial central extension of
G by fin:

(1) (1) f —— G —2 @ (1).
As a set, the elements of G are of the form (g9,¢) where g € G and ¢ € u,,. However, G 2 G Xy, since
multiplication is given by

(9,09, ¢") = (99',¢Co(g,9'))

where 0 : G x G — p, is a nontrivial 2-cocycle (factor set) in Z?(G;pu,,). This 2-cocycle was first

described in a method suitable for computation by Kubota [K], who showed that

N (X(g9)  X(99)
(2) o(9,9") = ( X(9) ’X(g’)det(g)>

a b e if c¢#0
X((c d>>_{d if ¢=0.

For a description of the cocycle o when G = GL,(F), see [M] and [BLS]. One can also define a

c-twisted metaplectic cover using the cocycle

0c(9,9") = o(g,4')(det(g), det(g"))f,

where ¢ € Z/nZ, but we will focus on 0-twisted covers in this exposition. In the short exact sequence

where

(1), the inclusion map i: p, — G is given by ¢ — (1,{) and the projection map p : G — G is given
by (g,¢) — g. We also define the section s : G +— G by g — (g, 1).

4. SUBGROUPS

Consider the following subgroups of G:

B = { ( a b ) a,deF*, be IF} (Borel subgroup of G)
T{(a d) adEFX} (Torus in B)
1 b . .
N = { ( 1 ) be IF} (Unipotent radical of B)
{ ( 1 ) ( ) } (Weyl subgroup of G)

There is a unique decomposition B = T'N and a further decomposition (Iwasawa decomposition)
G =BK =TNK,

where K = GLy(0O) is the maximal compact subgroup of G. Another decomposition worth noting is
the Bruhat decomposition:
G=BU B’LU()B,

where wy = ( 1 ) is the ‘long element’ of W and the union is disjoint.
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Now we consider the corresponding subgroups of G. IfHisa subgroup of G, then let H = p L(H),
the metaplectic preimage of H under p. We form the groups T and B in this way. To define the
subgroups of G analogous to N and W, we need the following definition. For any subgroup H of G, G

splits over H if there exists a homomorphism h: H — G such that the composition
(poh): H— H

is the identity. In this case, there is a “copy” of H in G. The cocycle (2) is trivial on N x N and
hence, G splits over N via the preferred section s . Thus, we can identify s(INV) with N, and we denote
N* :=s(N). Similarly, G splits via s over W and we define W* := s(W).

The group G is an example of an /-group: a topological group with a fundamental system of
neighborhoods of the identity consisting of open, compact subgroups. By a topological group, we mean
a group that is a topological space along with a continuous map

(x,y) — 2"ty
The group G splits over K via a canonical splitting k : K — G (shown in [Mo]). We will not describe
k here, but it will be enough to note that
kKlrnx =s|lrar, klw =slw, and k|nvnx =s|vnk.
Let K* := k(K) and for every m > 0 define KX :=k(K,,) where
K, ={zx e K|x=I(mod p™)}.

The topology of G is given by taking the collection K* as a basis of open, compact neighborhoods of
the identity in G.

5. REPRESENTATION THEORY

A complex representation (m,V) of an arbitrary f-group G is a homomorphism
7: G — Aut(V)

where Aut(V) is the group of automorphisms of a complex vector space V. To simplify the notation,
(m,V) is sometimes denoted by just m. The dimension of a representation 7 is the dimension of V' over
C.

To avoid working directly with the topology of a representation space V of an f-group G, we
introduce the concept of an admissible representation. A representation (m, V') is called smooth (or
algebraic) if the stabilizer

Stab(v) = {g € G | 7(g)v = v}
is open in G for every v € V. It is called admissible if it is smooth and for every open subgroup H in
G, the set of H-fixed vectors

VHE = {veV |n(h)v=uv, Vhe H}

is finite dimensional. When working with admissible representations of an ¢-group, one is able to avoid

dealing with the topology of V' and can focus on the representation theory using only algebraic methods.



5

Given an f-group G and a representation (7, V) of G, one may ask if 7 can be reduced to a vector
space W of dimension less than that of V. A subspace W C V is called G-stable if
T(gW S W

for all g € G. A vector space V is called irreducible if it does not contain any G-stable subspaces other
than {0} and V itself. Otherwise, it is called reducible.

6. PRINCIPAL SERIES REPRESENTATIONS

A principal series representation is a representation that is induced from an irreducible represen-
tation of a minimal parabolic subgroup (ie., a Borel subgroup). To define such a representation we will

need to make use of the following theorem (see [Bm] or [BG]).

Stone-von Neumann Theorem Let § be a genuine quasicharacter of the center of T. If § is extended
to any maximal abelian subgroup and then induced to T , the resulting representation is irreducible.
The isomorphism class of this representation depends only on 4, not on the choice of maximal abelian

subgroup nor on its extension to this group.

We begin with the modular quasicharacter on B

§:B—C*

s((*0)) =1,

and use it to define a genuine character on the center of T.

given by

Theorem The center of T is the group

" =p ' (T"):=p"' { < ! y )

Thus, for s € C*, define the quasicharacter §° : T — C* by

(7)<l

The maximal abelian subgroup that we extend §° to is given by T, := p~1(T) where

e {(*)

Next, we extend 6° to B, = T,N* by making it trivial on N®. Finally, we define the representation

z,y € IFX”}.

S

F

z
Y

z,y € F* and v(z) = v(y) = 0(mod n)} .

(s, V) to be the induced representation
Indg* (5s+1/2)’
where
Vo= {f €C™(Q)| f(bg) = 8°T/2(b) f(9), Vb € B., g € G}

and 7, acts by right translation:

(ms(9))f(g") = f(d'9).



Although it is not applied directly, the Stone-von Neumann Theorem guarantees the uniqueness (up to

isomorphism) of the representation (s, V).

Throughout these notes, the cover n has been fixed. Now we allow it to vary and denote the
corresponding representation, as described in the previous section, by (7s, VS)("). The following theorem

is Theorem 4.2 of [Bu2] and relates the irreducibility of (s, V)™ over different covers.

Theorem If d is any divisor of n and |n|p = 1, then

(3) (7TS,VS)(") irreducible <= (an/d,vsn/d)(d) irreducible.

7. FUTURE DIRECTIONS

The current focus of the author is to extend (3) to GNL,(IF) when r > 2. Tt is believed that this
result should hold in exactly the same form, but the proof is much more complicated. For example,
the 2-cocycle (2) described by Kubota [K] is only valid for » = 2. In [BLS], Banks, Levi, and Sepanski
described a block-compatible 2-cocycle for éir (F) which can be used, but is much more tedious to work
with.

Ultimately, this work should be compiled to obtain global consequences. One can put together

information from all of the local fields by considering the ring of adéles of a global field F:

Ap := H(IFU 1 O0y).

v
In this definition, the direct product is restricted in the sense that all but finitely many of the en-
tries (excluding the archimedean completions) are in O,. The representations 7, on GL.(FF,) can be

combined to form a representation

T =R,
v

on (/}VLT(AIF). One motivation for making this extension is that the main result (3) was obtained by
considering the zeros of local L-factors. When combined into the global case, we are no longer looking

at L-factors, but rather the Euler Product of an L-function.
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