CMJ622. Proposed by Michael Golomb, Purdue University, West Lafayette, IN

Identical beads are distributed among the vertices of aregular n-gon in such away that
the center of mass of the distribution is at the center of the n-gon. Show that:
i. if nisapower of 2, the number of beads at any vertex is the same as the
number on the diametrically opposite vertex;
ii. thisneed not be true if nisnot a power of 2.

Solution: By Jim Brawner, Armstrong Atlantic Sate University, Savannah, GA
Let usfirst recall some basic facts about cyclotomic (“circle-splitting”)

polynomials that we will need. If nisa positive integer, then the cyclotomic polynomial
F . (2) can be defined inductively by
F.(z2=z-1and

z"-1
OF.(2 ,
where the product in the denominator runs over al positive divisors of n other than n
itself. Notice that the degreeof F (z) isgivenby j (n), where| istheEuler| -

function. It isawell-known, but by no meanstrivial, theorem that the cyclotomic
polynomia F (z) istheirreducible or minimal polynomial in Q[z] for the primitive nth

roots of unity. In other words, if w isa primitive nth root of unity, and f(z) isa
nonzero polynomial with rational coefficientssuch that f (w) =0, then F n(z)| f(2). In

particular, the degree of f must be greater than or equal to the degree of F ,(z) , whichis
] (n).See[H, 6.5], e.qg., for aproof of thistheorem and an elegant discussion of

cyclotomic polynomials. We now return to our regularly scheduled proof.
Let the regular n-gon be positioned with its center at the origin in the complex
plane, and vertices at the nth roots of unity. Let w denote the principa nth root of unity

e/, so that the vertices V, , in counter-clockwise order, are given by w*, for
O£k £n- 1. Let b, denote the number of beads at the vertex V, , so that the condition
that the center of mass of the distribution is at the center of the n-gon is given by

F.(2=

n-1
a bwk =0,
k=0

where the b, are nonnegative integers.

i) If n=2° =1 then the n-gon is simply a point, which can be thought of as being
diametrically opposite to itself. If nisan even power of 2, say n=2%, a3 1, thenthe
vertex diametrically opposite V,,0£k £n/2,isV,,,,,, and

Wk+n/2 :Wke(Zpi/n)(nlz) - _Wk )

The condition on the center of mass can then be reformulated as
n/2-1

é (bk - bk+n/2)Wk =0.
k=0
n/°2—1
Thismeansthat f(2) = g (b, - b,.,,,)z" isapolynomia with rational (in fact, integer)
k=0

coefficientssuch that f(w) =0. If f(2) isnonzero, then it has degree less than n/2.
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O£kEn/2
But the Euler | -function for n=2% isj (2%) =2** =2 , which is the degree of the

irreducible polynomial in Q[z] for the principal nth root of unity w. Therefore, f(2)
must be identically zero, by the theorem mentioned above. Thus, b, =b,,,,, for

O£ k £n/2, and the number of beads at any vertex is the same as the number on the
opposite vertex.

i) If n>1isodd, then no vertex has a diametrically opposite vertex, so the
statement is meaningless. If niseven, but not a power of 2, then n=2%r ,where r 3 3 is
oddand a3 1. For OEKk£n-1,let

i1 if 2%k

| o
“ 10 otherwise

Then b, =1, but b, ,, =0, since 2 =2%'r,and 2° doesnot divide 2*'r. Therefore,

the number of beads at vertex V, is not the same as the number of beads on the
diametrically opposite vertex V, ,, .
On the other hand, if we set s= 2%, then

n-1

A b =1+w® + (ot ) )
k=0

where w® = e®/"* = e®/" jsaprincipal rth root of unity, and hence a zero of

' -1=(z-)A+z+Z2°+---+2""). Sincer >1,w*t 1, so w® must be azero

n-1
of 1+z+ 2> +---+ 2% and § bw* =0 by Equation (*) above.
k=0
For illustration, the simplest case is when n = 6, where
(by,b,,b,,b,,b,,b.) =(1,0,1,0,1,0), which gives the hexagon in Figure 1 below:

1 O 10
0 1
{1
0 0
1 0 J2 0
Figure 1 Figure 2

Note: Statement (i) would not have been true if we had been allowed to use beads of
arbitrary (real number) weights. This follows from the fact that the cyclotomic
polynomial isirreducible in Q[z], but not necessarily in R[z]. For example, if n=8,

then F 4(2) = 2* +1= (2% - V22 +1)(2% ++/22+1), and w = €'® isa zero of
f(2)=2%- J2z+1, which leads to the distribution (lO,l0,0,\/E,0,0) in Figure 2.
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