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Identical beads are distributed among the vertices of a regular n-gon in such a way that
the center of mass of the distribution is at the center of the n-gon.  Show that:

i. if n is a power of 2, the number of beads at any vertex is the same as the
number on the diametrically opposite vertex;

ii. this need not be true if n is not a power of 2.

Solution: By Jim Brawner, Armstrong Atlantic State University, Savannah, GA
Let us first recall some basic facts about cyclotomic (“circle-splitting”)

polynomials that we will need.  If n is a positive integer, then the cyclotomic polynomial
)(znΦ  can be defined inductively by
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where the product in the denominator runs over all positive divisors of n other than n
itself.  Notice that the degree of )(znΦ  is given by )(nϕ , where ϕ  is the Euler ϕ -

function.  It is a well-known, but by no means trivial, theorem that the cyclotomic
polynomial )(znΦ  is the irreducible or minimal polynomial in ][zQ  for the primitive nth

roots of unity.  In other words, if ω  is a primitive nth root of unity, and )(zf  is a

nonzero polynomial with rational coefficients such that 0)( =ωf , then )()( zfznΦ .  In

particular, the degree of f must be greater than or equal to the degree of )(znΦ , which is

)(nϕ . See [H, 6.5], e.g., for a proof of this theorem and an elegant discussion of
cyclotomic polynomials.  We now return to our regularly scheduled proof.

Let the regular n-gon be positioned with its center at the origin in the complex
plane, and vertices at the nth roots of unity.  Let ω  denote the principal nth root of unity

nie /2π , so that the vertices kV , in counter-clockwise order, are given by kω , for

10 −≤≤ nk .  Let kb  denote the number of beads at the vertex kV , so that the condition

that the center of mass of the distribution is at the center of the n-gon is given by
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where the kb  are nonnegative integers.

i) If 120 ==n  then the n-gon is simply a point, which can be thought of as being
diametrically opposite to itself.  If n is an even power of 2, say ,1,2 ≥= an a  then the

vertex diametrically opposite 2/0, nkVk ≤≤ , is 2/nkV + , and
knniknk e ωωω π −==+ )2/)(/2(2/ .

The condition on the center of mass can then be reformulated as
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nkk zbbzf is a polynomial with rational (in fact, integer)

coefficients such that 0)( =ωf .  If )(zf  is nonzero, then it has degree less than n/2.
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But the Euler ϕ -function for an 2=  is 
2

2)2( 1 naa == −ϕ , which is the degree of the

irreducible polynomial in ][zQ  for the principal nth root of unity ω .  Therefore, )(zf

must be identically zero, by the theorem mentioned above. Thus, 2/nkk bb +=  for

2/0 nk ≤≤ , and the number of beads at any vertex is the same as the number on the
opposite vertex.

ii)  If 1>n  is odd, then no vertex has a diametrically opposite vertex, so the
statement is meaningless.  If n is even, but not a power of 2, then rn a2= , where 3≥r  is
odd and 1≥a .  For 10 −≤≤ nk , let
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Then 10 =b , but 02/ =nb , since r
n a 12
2

−= , and a2  does not divide ra 12 − .  Therefore,

the number of beads at vertex 0V  is not the same as the number of beads on the

diametrically opposite vertex 2/nV .

On the other hand, if we set as 2= , then
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where risnis ee /2)/2( ππω ==  is a principal rth root of unity, and hence a zero of
)1)(1(1 12 −++++−=− rr zzzzz L .  Since 1>r , 1≠sω , so sω  must be a zero

of 121 −++++ rzzz L , and 0
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kb ω  by Equation (*) above.

For illustration, the simplest case is when n = 6, where
),,,,,( 543210 bbbbbb  = (1,0,1,0,1,0), which gives the hexagon in Figure 1 below:

1 0 1 0
0 1

0 1
0 0

1 0 2 0
Figure 1 Figure 2

Note: Statement (i) would not have been true if we had been allowed to use beads of
arbitrary (real number) weights.  This follows from the fact that the cyclotomic
polynomial is irreducible in Q[z], but not necessarily in R[z].  For example, if 8=n ,

then )12)(12(1)( 224
8 +++−=+=Φ zzzzzz , and 8/2 ie πω =  is a zero of

12)( 2 +−= zzzf , which leads to the distribution )0,0,2,0,0,1,0,1(  in Figure 2.
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